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In this review article we will describe recent developments in statistical theory of magnetohydro- 
dynamic (MHD) turbulence. Kraichnan and Iroshnikov first proposed a phenomenology of MHD 
turbulence where Alfven time-scale dominates the dynamics, and the energy spectrum E{k) is pro- 
portional to k~^^^. In the last decade, many numerical simulations show that spectral index is 
closer to 5/3, which is Kolmogorov's index for fiuid turbulence. We review recent theoretical results 
based on anisotropy and Renormalization Groups which support Kolmogorov's scaling for MHD 
turbulence. 

Energy transfer among Fourier modes, energy fiux, and shell-to-shell energy transfers are impor- 
tant quantities in MHD turbulence. We report recent numerical and field-theoretic results in this 
area. Role of these quantities in magnetic field amplification (dynamo) are also discussed. There are 
new insights into the role of magnetic helicity in turbulence evolution. Recent interesting results in 
intermittency, large-eddy simulations, and shell models of magnetohydrodynamics are also covered. 
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I. INTRODUCTION 

Fluid and plasma flows exhibit complex random behaviour at high Reynolds number; this phenomena is called 
turbulence. On the Earth this phenomena is seen in atmosphere, channel and rivers flows etc. In the universe, most 
of the astrophysical systems are turbulent. Some of the examples are solar wind, convective zone in stars, galactic 
plasma, accretion disk etc. 

Reynolds number, defined as UL/v {U is the large-scale velocity, L is the large length scale, and v is the kinematic 
viscosity), has to be large (typically 2000 or more) for turbulence to set in. At large Reynolds number, there are 
many active modes which are nonlinearly coupled. These modes show random behaviour along with rich structures 
and long-range correlations. Presence of large number of modes and long-range correlations makes turbulence a very 
difficult problem that remains largely unsolved for more than hundred years. 

Fortunately, random motion and presence of large number of modes make turbulence amenable to statistical analysis. 
Notice that the energy supplied at large-scales (L) gets dissipated at small scales, say Id- Experiments and numerical 
simulations show that the velocity difference u(x -|- 1) — u(x) has a universal probability density function (pdf) for 
Id ^ I ^ L. That is, the pdf is independent of experimental conditions, forcing and dissipative mechanisms etc. 



4 



Because of its universal behaviour, the above quantity has been of major interest among physicists for last sixty years. 
Unfortunately, we do not yet know how to derive the form of this pdf from the first principle, but some of the moments 
have been computed analytically. The range of scales I satisfying Id <C ^ <C i is called inertial range. 

In 1941 Kolmogorov [80-82] computed an exact expression for the third moment of velocity difference. He showed 
that under vanishing viscosity, third moment for velocity difference for homogeneous, isotropic, incompressible, and 
steady-state fluid turbulence is 



where || is the parallel component along 1, (.) stands for ensemble average, and If is the energy cascade rate, which 
is also equal to the energy supply rate at large scale L and dissipation rate at the small scale Id- Assuming fractal 
structure for the velocity field, and 11 to be constant for all I, we can show that the energy spectrum E{k) is 



where Kko is a universal constant, called Kolmogorov's constant, and <^ k <^ l'^ . Numerical simulations and 
experiments verify the above energy spectrum apart from a small deviation called intermittency correction. 

Physics of magnetohydrodynamic (MHD) turbulence is more complex than fluid turbulence. There are two coupled 
vector fields, velocity u and magnetic b, and two dissipative parameters, viscosity and resistivity. In addition, we have 
mean magnetic field which cannot be transformed away (unlike mean velocity field which can be transformed away 
using Galilean transformation). The mean magnetic field makes the turbulence anisotropic, further complicating the 
problem. Availability of powerful computers and sophisticated theoretical tools have helped us understand several 
aspects of MHD turbulence. In the last ten years, there has been major advances in the understanding of energy 
spectra and fluxes of MHD turbulence. Some of these theories have been motivated by Kolmogorov's theory for 
fluid turbulence. Note that incompressible turbulence is better understood than compressible turbulence. Therefore, 
our discussion on MHD turbulence is primarily for incompressible plasma. In this paper we focus on the universal 
statistical properties of MHD turbulence, which are valid in the inertial range. In this paper we will review the statistical 
properties of following quantities: 

1. Inertial-range energy spectrum for MHD turbulence. 

2. Various energy fluxes in MHD turbulence. 

3. Energy transfers between various wavenumber shells. 

4. Anisotropic effects of mean magnetic fleld. 

5. Structure functions < (u||(x + 1) — U||(x))" > and < (6||(x + 1) — 6||(x))" >, where U|| and 6|| are components 
of velocity and magnetic flelds along vector 1. 

6. Growth of magnetic fleld (dynamo). 

Currently energy spectra and fluxes of isotropic MHD turbulence is quite well established, but anisotropy, intermit- 
tency, and dynamo is not yet fully understood. Therefore, items 1-3 will be discussed in greater detail. 

Basic modes of incompressible MHD are Alfven waves, which travel parallel and antiparallel to the mean magnetic 
fleld with speed Bq. The nonlinear terms induce interactions among these modes. In mid sixties Kraichnan [85] 
and Iroshnikov [77] postulated that the time-scale for the nonlinear interaction is proportional to Bq^ , leading to 
E{k) ^ By^k^^/"^. However, research in last ten years [35, 69, 109, 180] show that the energy spectrum of MHD 
turbulence Kolmogorov-like {k~^/^). Current understanding is that Alfven waves are scattered by "local mean magnetic 
fleld" BQ{k) ~ fc~^/^, leading to Kolmogorov's spectrum for MHD turbulence. The above ideas will be discussed in 
Sections VH and IX. 

In MHD turbulence there are exchanges of energies among the velocity-velocity, velocity-magnetic, and magnetic- 
magnetic modes. These exchanges lead to energy fluxes from inside of the velocity /magnetic wavenumber sphere to 
the outside of the velocity/magnetic wavenumber sphere. Similarly we have shell-to-shell energy transfers in MHD 
turbulence. We have developed a new formalism called "mode-to-mode" energy transfer rates, using which we have 
computed energy fluxes and shell-to-shell energy transfers numerically and analytically [45, 182, 184, 185]. The 
analytic calculations are based on fleld-theoretic techniques. Note that some of the fluxes and shell-to-shell energy 
transfers are possible only using "mode-to-mode" energy transfer, and cannot be computed using "combined energy 
transfer" in a triad [101]. 
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Many analytic calculations in fluid and MHD turbulence have been done using fleld-theoretic techniques. Even 
though these methods are plagued with some inconsistencies, we get many meaningful results using them. In Sections 
VII, VIII, and IX we will review the field-theoretic calculations of energy spectrum, energy fiuxes, and shell-to-shell 
energy transfers. 

Growth of magnetic field in MHD turbulence (dynamo) is of central importance in MHD turbulence research. 
Earlier dynamo models (kinematic) assumed a given form of velocity field and computed the growth of large-scale 
magnetic field. These models do not take into account the back-reaction of magnetic field on the velocity field. In last 
ten years, many dynamic dynamo simulations have been done which also include the above mentioned back reaction. 
Role of magnetic liclicity (a • b, where a is the vector potential) in the growth of large-scale magnetic field is better 
understood now. Recently, Field et al. [53], Chou [39], Schekochihin et al. [159] and Blackman [19] have constructed 
theoretical dynamical models of dynamo, and studied nonhnear evolution and saturation mechanisms. 

As mentioned above, pdf of velocity difference in fluid turbulence is still unsolved. We know from experiments 
and simulation that pdf is close to Gaussian for small 6u, but is nongaussian for large 5u. This phenomena is called 
intermittency. Note that various moments called Structure functions are connected to pdf. It can be shown that 
the structure functions are related to the "local energy cascade rate" Yi{k). Some phenomenological models, notably 
by She and Lcvcquc [160] based on log-Poisson process, have been developed to compute n(fc); these models quite 
successfully capture intermittency in both fluid and MHD turbulence. The predictions of these models are in good 
agreement with numerical results. We wifl discuss these issues in Section XI. 

Numerical simulations have provided many important data and clues for understanding the dynamics of turbulence. 
They have motivated new models, and have verified/rejected existing models. In that sense, they have become another 
type of experiment, hence commonly termed as numerical experiments. Modern computers have made reasonably high 
resolution simulations possible. The highest resolution simulation in fluid turbulence is on 4096^ grid (e.g., by Gotoh 
[71]), and in MHD turbulence is on 1024^ grid (e.g., by Haugen et al. [74]). Simulations of Biskamp [15, 133], Clio et 
al. [35], Maron and Goldreich [109] have verified 5/3 spectrum for MHD turbulence. Dar et al. [45] have computed 
various energy fluxes in 2D MHD turbulence. Earlier, based on energy fluxes Verma et al. [191] could conclude that 
Kolmogorov-like phenomenology models MHD turbulence better that Kraichnan and Iroshnikov's phenomenology. 
Many interesting simulations have been done to simulate dynamo, e. g., Chou [40] and Brandenburg [22]. 

Because of large values of dissipative parameters, MHD turbulence requires large length and velocity scales. This 
make terrestrial experiments on MHD turbulence impossible. However, astrophysical plasmas are typicafly turbulent 
because of large length and velocity scales. Taking advantage of this fact, large amount of solar-wind in-situ data have 
been collected by spacecrafts. These data have been very useful in understanding the physics of MHD turbulence. In 
fact, in 1982 Matthaeus and Goldstein [113] had shown that solar wind data favors Kolmogorov's k~^/^ spectrum over 
Kraichnan and Iroshnikov's spectrum. Solar wind data also shows that MHD turbulence exhibits intermittency. 

some of the observational results of solar wind will discussed in Section V. In addition to the above topics, we will also 
state the current results on the absolute equilibrium theories, decay of global quantities, two-dimensional turbulence, 
shell model of MHD turbulence, compressible turbulence etc. 

Literature on MHD turbulence is quite extensive. Recent book "Magnetohydrodynamic Turbulence" by Biskamp 
[14] covers most of the basics. MHD turbulence normafly flgures as one of the chapters in many books on Magneto- 
hydrodynamics, namely Biskamp [11], Priest [153], Raichoudhury [41], Shu [162], Cowling [42], Vedenov [177]. The 
recent developments are nicely covered by the review articles in an edited volume [52]. Some of the important review 
articles are by Montgomery [132], Pouquet [149], Krommes [92, 93]. On dynamo, the key references are books by 
Moffatt [126] and Krause and Radler [91], and recent review articles [25, 67, 156]. Relatively, fluid turbulence has a 
larger volume of literature. Here we will list only some of the relevant ones. Leslie [102], McComb [120-122], Zhou 
et al. [201], and Smith and Woodruff [164] have reviewed fleld-theoretic treatment of fluid turbulence. The recent 
books by Frisch [61] and Lesieur [101] cover recent developments and phenomenological theories. The review articles 
by Orszag [140], Kraichnan and Montgomery [90], and Sreenivasan [165] arc quite exhaustive. 

In this review paper, we have focussed on statistical theory of MHD turbulence, specially on energy spectra, 
energy fluxes, and shell-to-sliell energy transfers. These quantities have been analyzed analytically and numerically. 
A significant portion of the paper is devoted to self-consistent fleld-theoretic calculations of MHD turbulence and 
"modc-to-mode" energy transfer rates because of their power of analysis as well as our familiarity with these topics. 
These topics are new and are of current interest. Hence, this review article complements the earlier work. Universal 
laws are observed in the inertial range of homogeneous and isotropic turbulence. Following the similar approach, 
in analytic calculations of MHD turbulence, homogeneity and isotropy are assumed except in the presence of mean 
magnetic fleld. 

To keep our discussion focussed, we have left out many important topics like coherent structures, astrophysical 
objects Hke accretion disks and Sun, transition to turbulence etc. Our discussion on compressible turbulence and 
intermittency is relatively brief because flnal word on these topics stifl awaited. Dynamo theory is only touched upon; 
the reader is referred to the above mentioned references for a detailed discussion. In the discussion on the solar wind. 



6 



only a small number of results connected to energy spectra are covered. 

The outline of the paper is as follows: Section II contains definition of various global and spectral quantities along 
with their governing equations. In Section III we discuss the formahsm of "mode-to-mode" energy transfer rates in 
fluid and MHD turbulence. Using this formalism, formulas for energy fluxes and shell-to-shell energy transfer rates 
have been derived. Section IV contains the existing MHD turbulence phenomenologies which include Kraichnan's 
3/2 mode; Kolmogorov-like models of Goldreich and Sridhar. Absolute equihbrium theories and Selective decay are 
also discussed here. In Section V we review the observed energy spectra of the solar wind. Section VI describes 
Pseudo-spectral method along with the numerical results on energy spectra, fluxes, and shell-to-shell energy transfers. 
In these discussions we verify which of the turbulence phenomenologies are in agreement with the solar wind data 
and numerical results. 

Next three sections cover applications of field-theoretic techniques to MHD turbulence. In Section VII we introduce 
Renormalization-group analysis of MHD turbulence, with an emphasis on the renormalization of "mean magnetic field" 
[180], viscosity and resistivity [181]. In Section VIII we compute various energy fluxes and sliell-to-slicll energy transfers 
in MHD turbulence using field-theoretic techniques. Here we also review eddy-damped quasi-normal Markovian 
(EDQNM) calculations of MHD turbulence. In Section IX we discuss the anisotropic turbulence calculations of 
Goldreich and Sridhar [69, 166] and Galtiers et al. [63] in significant details. The variations of turbulence properties 
with space dimensions have been discussed. 

In Section X we briefly mention the main numerical and analytic results on homogeneous and isotropic dynamo. 
We include both kinematic and dynamic dynamo models, with emphasis being on the later. Section XI contains a 
brief discussion on intermittcncy models of fluid and MHD turbulence. Next section XII contains a brief discussion 
on the large-eddy simulations, decay of global energy, compressible turbulence, and shell model of MHD turbulence. 
Appendix A contains the definitions of Fourier series and transforms of fields in homogeneous turbulence. Appendix B 
and C contain the Feynman diagrams for MHD turbulence; these diagrams are used in the field-theoretic calculations. 
In the last Appendix D we briefly mention the main results of spectral theory of fluid turbulence in 2D and 3D. 



II. MHD: DEFINITIONS AND GOVERNING EQUATIONS 
A. MHD Approximations and Equations 

MHD fluid is quasi-neutral, i.e., local charges of ions and electrons almost balance each other. The conductivity of 
MHD fluid is very high. As a consequence, the magnetic field lines are frozen, and the matter (ions and electrons) 
moves with the field. A sHght imbalance in the motion creates electric currents, that in turn generates the magnetic 
field. The fluid approximation implies that the plasma is collisional, and the equations are written for the coarse- 
grained fluid volume (called fluid element) containing many ions and electrons. In the MHD picture, the ions (heavier 
particle) carry momentum, and the electrons (lighter particle) carry current. In the following discussion we will make 
the above arguments quantitative. In this paper we wifl use CGS units. For detailed discussions on MHD, refer to 
Cowling [42], Siscoe [163], and Shu [162]. 

Consider MHD plasma contained in a volume. In the rest frame of the fluid element, the electric fleld E' = J/cr, 
where J is the electric current density, and a is the electrical conductivity. If E is the electric field in the laboratory 
frame, Lorenz transformation for nonrelativistic flows yields 

„ u X B J 

E' = E-h = -, 1 

c u 

where u is the velocity of the fluid element, B is the magnetic field, and c is the speed of light. Note that the current 
density, which is proportional to the relative velocity of electrons with relative to ions, remains unchanged under 
Galilean transformation. Since MHD fluid is highly conducting (a oo), 

c 

This implies that for the nonrelativistic flows, E <^ B. Now let us look at one of the Maxwell's equations 

^ „ 47r, 19E 
VxB = — J + - — . 

c c at 

The last term of the above equation is {u/c)^ times smaller as compared to V x B, hence it can be ignored. Therefore, 

J = -^V X B. (2) 
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Hence both E and J arc dependent variables, and they can be written in terms of B and u as discussed above. 

In MHD both magnetic and velocity fields are dynamic. To determine the magnetic field we make use of one of 
Maxwell's equation 



dB 

-=-cVxE. (3) 



An application of Eqs. (1,2) yields 



or, 



= V X (u X B) + TjV'B, (4) 

— + (u • V)B = (B • V)u - BV • u + r]V^B. (5) 

The parameter t] is called the resistivity, and is equal to c^/(47r(7). The magnetic field obeys the following constraint: 



V • B = 0. (6) 

The time evolution of the velocity field is given by the Navier-Stokes equation. In this paper, we work in an inertial 
frame of reference in which the mean flow speed is zero. This transformation is possible because of GaHlean invariance. 
The Navier-Stokes equation is [96, 97] 

p(^^ + {u- V)u^ = -Vpth + X B + /xV^u + I^VV • u, (7) 

where p(x) is the density of the fluid, ptt is the thermal pressure, and fx is the dynamic viscosity. Note that kinematic 
viscosity u = fx/p. Substitution of J in terms of B [Eq. (2)] yields 



du , 1 



-V ( pt^ + ^ ) + (B • V)B 



+ i^V^uH- — VV • u, 
o 



(8) 



where pth + ^ = P is called total pressure. The ratio pth / {B"^ / Stt) is called (3, which describes the strength of the 
magnetic field with relative to thermal pressure. 

Mass conservation yields the following equation for density field p{x) 



dp 
dt 



+ V • (pu) = 



(9) 



Pressure can be computed from p using equation of state 



P = f{p) (10) 

This completes the basic equations of MHD, which are (5, 8, 9, 10). Using these equations we can determine the 
unknowns (u,B,p,p). Note that the number of equations and unknowns are the same. 

When (3 is high, is much less than pth, and it can be ignored. On nondimensionaHzation of the Navier-Stokes 
equation, the term Vp becomes {dp/dx') / p x{Cs/U)'^, where Cs is the sound speed, U is the typical velocity of 
the flow, x' is the position coordinate normalized with relative to the length scale of the system [172]. Cg ^ oo is 
the incompressible limit, which is widely studied because water, the most commonly found fluid on earth, is almost 
incompressible {Sp/p <0.01) in most practical situations. The other limit Cs ^ or U ^ Cs (supersonic) is the fully 
compressible limit, and it is described by Burgers equation. As we will see later, the energy spectrum for both these 
extreme limits well known. When U/Cs <C 1 but nonzero, then we call the fluid to be nearly incompressible; Zank 
and Matthaeus [195, 196] have given theories for this limit. The energy and density spectra are not well understood 
for arbitrary U jCg . 

When /? is low, pth can be ignored. Now the Alfven speed C4 = B/^A-Kp plays the role of C.,. Hence, the fluid is 
incompressible if [/ <C Ca [14]. For most part of this paper, we assume the magnetofluid to be incompressible. In 
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Table I: Typical values of parameters in commonly studied MHD systems. Viscosity and resistivity of first 4 columns are rough 
estimates [100, 132, 158, 179] 



System 


rL/artn s L'Ore 


Solar Conve-ctive 
Zone 


Solar Wind 


Galactic Disk 


loniz-ed H 


Hg 


— r— r 

Lengtli yCTTij 










1 n 

lU 




Velocity yciiijbj 


1 








1 n^ 


1 n 




1 f)'^ 

lU 








in'-' 




Density {gm/cc) 


10 


10"" 


10"^'' 


10"^* 




10 


Kinematic viscosity 
(cm^/s) 


10"^ 




10* 


10" 


10^ 


10"^ 


Reynolds Number 


10' 




10^^ 


10'' 


10"^ 


10" 


Resistivity (cm'' / s) 


lO"* 




lO"* 


10' 


1.5 X 10" 


10* 


Magnetic Reynolds no 


10"" 


10^ 


10* 


10" 


7 X 10"^ 


10"^ 


Magnetic Prandtl no 


10"" 


1 


(1)? 


10^* 


0.7 


10"' 



many astrophysical and terrestrial situations (except shocks), incompressibility is a reasonably good approximation 
for the MHD plasma because typical velocity fluctuations are much smaller compared to the sound speed or the Alfven 
speed. This assumption simplifies the calculations significantly. In Section XII D we will discuss the compressible 
MHD. 

The incompressibility approximation can also be interpreted as the limit when volume of a fluid parcel will not 
change along its path, that is, dp/dt = 0. From the continuity equation (9), the incompressibility condition reduces 
to 



V-u = 



(11) 



This is a constraint on the velocity field u. Note that incompressibility does not imply constant density. However, 
for simplicity we take density to be constant and equal to 1. Under this condition, Eqs. (5, 8) reduce to 



9u , 

^ + (u.V)u 



-Vp+(B- V)B + z/V^u 

(B- V)u + r/V2B 
To summarize, the incompressible MHD equations are 



f .(u.V)B 



(12) 
(13) 



1^ + (u • V)u = -Vp + (B • V)B + i^V^u 
^ + (u • V)B = (B • V)u + TjV^B 



at 



V-u = 
V-B = 



When we take divergence of the equation Eq. (12), we obtain Poisson's equation 

-V^p = V • [(u • V)u - (B • V)B.] 

Hence, given u and B fields at any given time, we can evaluate p. Hence p is a dependent variable in the incompressible 
limit. 

Incompressible MHD has two unknown vector fields (u,B). They are determined using Eqs. (12, 13) under the 
constraints (6, 11). The fields E, J and p are dependent variables that can be obtained in terms of u and B. 

The MHD equations are nonlinear, and that is the crux of the problem. There are two dissipative terms: viscous 
(yXl'^w) and resistive (r7V^B). The ratio of the nonlinear vs. viscous dissipative term is called Reynolds number 
Re = ULjv, where U is the velocity scale, and L is the length scale. There is another parameter cafied magnetic 
Reynolds number Rem = UL/rj. For turbulent fiows, Reynolds number should be high, typically more than 2000 or so. 
The magnetic Prandtl number v/rj also plays an important role in MHD turbulence. Typical values of parameters in 
commonly studied MHD systems are given in Table I [100, 132, 158, 179]. The calculation of viscosity and resistivity 
of MHD plasma is quite involved because of anisotropy caused by mean magnetic field [162]. In Table I we have 
provided rough estimates of these quantities. 
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B. Energy Equations and Conserved Quantities 



In this subsection we derive energy equations for compressible and incompressible fluids. For compressible fluids we 
can construct equations for energy using Eqs. (5,8). Following Landau [97] we derive the following energy equation 
for the kinetic energy 



d_ 
di 



1 



-pu^ + pe = -V • 



+ e 



- V • + -u • (J X B) + $ 

c 



(14) 



where e is the internal energy function. The first term in the RHS is the energy fiux, and the second term is the work 
done by the pressure, which enhances the energy of the system. The third term in the RHS is work done by magnetic 
force on the fluid, while a complex function of strain tensor, is the energy change due to surface forces. 
For the evolution of magnetic energy we use Eq. (3) and obtain [96] 



^^B^ = --^B-VxE 



An' 



47r 



-Ex B-J E 



(15) 



The flrst term in the RHS is the Poynting flux (energy flux of the electro-magnetic field), and the second term is 
the work done by the electro-magnetic field on fiuid. The second term also includes the Joule dissipation term. 
Combination of Eqs. (14, 15) yields the following dynamical equation for the energy in MHD 



d fl 



-V- 



2" 



pu 



— E X B 
47r 



a 



Here \pv? -|- pe + ^-B^ is the total energy. Physical interpretation of the above equation is the following: the rate of 
change of total energy is the sum of energy flux, work done by pressure, and the viscous and resistive dissipation. It 
is convenient to use a new variable for magnetic field B = Bcgs/V^- In terms of new variable, the total energy is 
+ pe+ \B'^. From this point onward we use this new variable for magnetic field. 
In the above equations we apply isoentropic and incompressibility conditions. For the incompressible fluids we can 
choose p = 1. Landau [97] showed that under this condition e is a constant. Hence, for incompressible MHD fluid we 
treat {v? + B'^)/2 as total energy. For ideal incompressible MHD {v = 7] = 0) the energy evolution equation is 



ipw^ 



d_l 
dt2 



B' 



-V- 



1 



By applying Gauss law we find that 



'-B- 
2 



2V • [(B • u) B] 



p u -h (B • u) B 



■dS 



For the boundary condition Bn = u„ = or periodic boundary condition, the total energy / l/2{v? + B^) is conserved. 

There are some more important quantities in MHD turbulence. They are listed in Table II. Note that A is the 
vector potential and oj is the vorticity field. By following the same procedure described above, we can show that 
E, He, and Hm are conserved in 3D MHD, while E, He and A2 are conserved in 2D MHD [11, 113]. Note that in 3D 
fluids, E" and Hk are conserved, while in 2D fluids, E'^ and Ct are conserved [101, 102]. 

Magnetic helicity is a tricky quantity. Because of the choice of gauge it can be shown that magnetic hclicity is not 
unique unless = at the boundary. Magnetic helicity is connected with flux tubes, and plays important role in 
magnetic field generation. For details refer to Biskamp [11]. 

In addition to the above global quantities, there are inflnite many conserved quantities. In the following we will 
show that the magnetic flux deflned as 



B-dS, 



where dS is the area enclosed by any closed contour moving with the plasma, is conserved. Since inflnitcly many 
closed curves are possible in any given volume, we have inflnitely many conserved quantities. To prove the above 
conservation law, we use vector potential A, whose dynamical evolution is given by 

^A = ux B + V(A, 



10 



Table II: Global Quantities in MHD 



Quantity 


Symbol 


Definition 


Conserved in MHD? 


Kinetic Energy 




J dXU / z 


iNO 


Magnetic Energy 


pB 

H/ 


r /7y /9 
1 UX-IJ / z 


iNO 


Total Energy 


E 


fdx{u' + B'')/2 


Yes (2D, 3D) 


Cross Hclicity 


He 


/■dx(u ■ B)/2 


Yes (2D, 3D) 


Magnetic Hclicity 


Hm 


J" dx(A ■ B) /2 


Yes (3D) 


Kinetic Helicity 


Hk 


/■(ix(u • cj)/2 


No 


Mean-square Vector Potential 


A2 


/dxA72 


Yes (2D) 


Enstrophy 


fi 


/ dxa;72 


No 



where (f) is the scalar potential [113]. The above equation can be rewritten as 

dAi 



dt 



UkdiAk + di< 

Now we write magnetic flux i> in terms of vector potential 

$ = j> A d\. 

The time derivative of $ will be 

- = f—dk + A-dk 



d4> + dliUkdiAk + dliAkdiUk 



= 



Hence, magnetic flux over any surface moving with the plasma is conserved. 

The conserved quantities play very important role in turbulence. These aspects will be discussed later in Sections 
VII and VIII of this review. Now we turn to the linear solutions of MHD equations. 



C. Linearized MHD Equations and their Solutions; MHD Waves 

The flelds can be separated into their mean and fluctuating parts: B = Bq + b and p = po + 6 p. Here Bq and po 
denote the mean, and b and Sp denote the fluctuating flelds. Note that the velocity fleld u is purely fluctuating fleld; 
its mean can be eliminated by Galilean transformation. 



The linearized MHD equations are (cf. Eqs. [5, 8, 9]) 

du 



1 



dt 
dh 

'dt ~ 

dSp 

'dt 



-Vp - VBo • b, 



Po 

-BoV • u, 



(Bo- V)b 
(Bo • V) u 

fV-(pou) = 0. 

We attempt a plane-wave solution for the above equations: 

(u, h,p, 5p) = (u(k), b(k),p(k), p(k)) exp (ik • x — wt) . 
Substitutions of these waves in the hnearized equations yield 

wu(k) + (Bo.k)b(k) = — kp (k) + k (Bo • b) 

Po 

wb(k) + (Bo.k)u(k) = Bo(k-u(k)) 
ujp (k) — pok • u (k) = 
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Figure 1: Basis vectors for MHD waves. Compressible waves have components along k, while Alfven waves have components 
along tiand t2. 



Let us solve the above equations in coordinate system (k, ti,t2) shown in Fig. 1. Here ti,2 are transverse to k, with 
ti in Bo-k plane, and t2 perpendicular to this plane. The components of velocity and magnetic field along ti,2 are 

denoted by u'"^\ b^^\b^2\ and along k are U|| and The angle between Bq and k is 6. The equations along the 
new basis vectors are 



U)U\l 



k u\i 



(ju^P + BokcosOb^' = 



,(1) - 



(jb^P + BokcoseuV' = 



(1) _ 



wu^^ + Bok COS 6b 



Lob\_' + Bok cos 6u\ 



(2) 
_L 

(2) 



Bob^lhsmO 





Bofcsin 6u\\ 







(16) 
(17) 
(18) 
(19) 
(20) 
(21) 



using Cs = \/p{k)/ p{k). Note that 6|| 
the following basic wave modes: 



: 0, which also follows from V • b = 0. From the above equations we can infer 



1. Alfven wave (Incompressible Mode): Here M|| = m^' = = 0, and u''^ ^ 0,6^^ ^ 0, and the relevant 
equations are (20, 21). There are two solutions, which correspond to waves travelling antiparallel and parallel 
to the mean magnetic field with phase velocity ±Cacos^^ (C/i = Bq). For these waves thermal and magnetic 
pressures are constants. These waves are also called shear Alfven waves. 



2. Pseudo Alfven wave (Incompressible Mode): Here w. 



,(2) 



b^f^ = 0, and u"^ ^ 0,6j^^ ^ 0, and the relevant 



equations are (18, 19). The two solutions correspond to waves moving antiparallel and parallel to the mean 
magnetic field with velocity ±CacosO. 

b^'^ = u^"^ = b^^ = 0, and tt|[ ^ 0, and the relevant equation 



3. Compressible Mode (Purely Fluid): Here u\_ 



(1) 



is (16). This is the sound wave in fiuid arising due to the fiuctuations of thermal pressure only. 



4. MHD compressible Mode: Here u\_ 



(2) 



bf 



0, and u-^ ^ 0, b^^ ^ 0, U|| ^ 0. Clearly, U|| is coupled to as 



evident from Eqs. (16, 19). Solving Eqs. (16, 18, 19) yields 

- iv^k^ (C^ + Cl) + ClCifc^ cos^ e = 0. 
Hence, the two compressible modes move with velocities 



(22) 
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The faster between the two is called fast wave, and the other one is called slow waves. The pressure variation 
for these waves are provided by both thermal and magnetic pressure. For details on these waves, refer to Sisco 
[163] and Priest [153]. 

Turbulent flow contains many interacting waves, and the solution cannot be written in a simple way. A popular 
approach to analyze the turbulent flows is to use statistical tools. We will describe below the application of statistical 
methods to turbulence. 



D. Necessity for Statistical Theory of Turbulence 

In turbulent fluid the fleld variables are typically random both in space and time. Hence the exact solutions 
given initial and boundary conditions will not be very useful even when they were available (they are not!). However 
statistical averages and probability distribution functions are reproducible in experiments under steady state, and they 
shed important light on the dynamics of turbulence. For this reason many researchers study turbulence statistically. 
The idea is to use the tools of statistical physics for understanding turbulence. Unfortunately, only systems at 
equilibrium or near equilibrium have been understood reasonably well, and a good understanding of nonequilibrium 
systems (turbulence being one of them) is still lacking. 

The statistical description of turbulent flow starts by dividing the fleld variables into mean and fluctuating parts. 
Then we compute averages of various functions of fluctuating flelds. There are three types are averages: ensemble, 
temporal, and spatial averages. Ensemble averages are computed by considering a large number of identical systems 
and taking averages at corresponding instants over all these systems. Clearly, ensemble averaging demands heavily 
in experiments and numerical simulations. So, we resort to temporal and/or spatial averaging. Temporal averages 
are computed by measuring the quantity of interest at a point over a long period and then averaging. Temporal 
averages make sense for steady flows. Spatial averages are computed by measuring the quantity of interest at various 
spatial points at a given time, and then averaging. Clearly, spatial averages are meaningful for homogeneous systems. 
Steady-state turbulent systems are generally assumed to be ergodic, for which the temporal average is equal to the 
ensemble average [61]. 

As discussed above, certain symmetries like homogeneity help us in statistical description. Formally, homogeneity 
indicates that the average properties do not vary with absolute position in a particular direction, but depends only 
on the separation between points. For example, a homogeneous two-point correlation function is 

{ui{x, t)uj{x', t)) = Cij{x - x', t) = Cij{r, t). 

Similarly, stationarity or steady-state implies that average properties depend on time difference, not on the absolute 
time. That is, 

(Ui(x, t)Uj (X, t')) = Cij (x, t-t'). 

Another important symmetry is isotropy. A system is said to be isotropic if its average properties are invariant under 
rotation. For isotropic systems 

(u,(x, t)«,,(x', t)) = Cy(|x - x'l , i) = a,{\r\,t). 

Isotropy reduces the number of independent correlation functions. Batchelor [8] showed that the isotropic two-point 
correlation could be written as 

a,(r)=C(i)(r)r,r,+C(^)(r)5,, 

where C'-^^ and C^^) are even functions of r = |r|. Hence we have reduced the independent correlation functions to 
two. For incompressible flows, there is only one independent correlation function [8]. 

In the previous subsection we studied the global conserved quantities. We revisit those quantities in presence of 
mean magnetic field. Note that mean flow velocity can be set to zero because of Galilean invariance, but the same 
trick cannot be used for the mean magnetic field. Matthaeus and Goldstein [113] showed that the total energy and 
cross helicity formed using the fluctuating fields are conserved. We denote the fiuctuating magnetic energy by E'', in 
contrast to total magnetic energy . The magnetic helicity J a ■ b/2 is not conserved, but Bq- < A > -|- / a • b/2 
instead is conserved. 

In turbulent fiuid, fiuctuations of all scales exist. Therefore, it is quite convenient to use Fourier basis for the 
representation of turbulent fiuid velocity and magnetic field. Note that in recent times another promising basis called 
wavelet is becoming popular. In this paper we focus our attention on Fourier expansion, which is the topic of the 
next subsection. 



13 



E. Turbulence Equations in Spectral Space 

Turbulent fluid velocity u(x, t) is represented in Fourier space as 



u(x,t) = J ^^u(k,i)exp(ik-x) 
u(k, t) = J dxu (x, t) exp (— ik • x) 



where d is the space dimensionality. 

In Fourier space, the equations for incompressible MHD are [14] 



- «(Bo • k) +z/A;^^ Ui(k,t) = -ikiPtot {Kt) - ikj J j0^Uj{k- p,t)ui{p,t) 

(23) 



d 



with the following constrains 



+ikj j 


dp 

(27r)'^ 




p,t)bi{p,t), 


= -ikj J 


dp 

{2Try 


■Uj(k 


■ p,t)bi{p,t) 


+ikj J 


dp 


■6,(k- 


p,t)ut{p,t). 


k • u (k) 
k • b (k) 


- 0, 
= 







(24) 



The substitution of the incompressibility condition k • u (k) = into Eq. (23) yields the following expression for the 
pressure fleld 

^'(k) = -^ j ^h(k-p,i)wi(p,i)-6(k-p,i)6i(p,t)]. 

Note that the density field has been taken to be a constant, and has been set equal to 1. 

It is also customary to write the evolution equations symmetrically in terms of p and k — p variables. The sym- 
metrized equations are 

(^^-i(Bo-k) + i.fc2^«i(k,f) = -'-p+^M j ^K(p,t)w™(k-p,i) 

-bj{p,t)bmi}^-p,t)], (25) 



(^^-j(Bo-k)+r?fc2^6i(k,i) = -ii^T^(k)y^K(p,t)6„(k-p,i)], 



(26) 



where 



P (k) - f) 



■^ijmi^) ~ kjSim — km^ij. 

Alfven waves are fundamental modes of incompressible MHD. It turns out that the equations become more trans- 
parent when they are written in terms of Elsasser variables = u ± b, which "represent" the amplitudes of Alfvenic 
fluctuations with positive and negative correlations. Note that no pure wave exist in turbulent medium, but the 
interactions can be conveniently written in terms of these variables. The MHD equations in terms of are 



T i (Bo • k) + z/+fc2^ zf{k) + v.k^f (k) = -iMi,m{k) j dpzj(p)^±(k - p), (27) 

fciz±(k) = 0, 
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Table III: Various Spectra of MHD Turbulence 



Quantity 


Symbol 


Derived from 


Symbol for ID 


Kinetic energy spectrum 


C"" (k) 


(Mi(k)wi(k')) 




Magnetic energy spectrum 


C^fk) 


(6i(k)6,(k')) 


(A;) 


Total energy spectrum 


C(k) 




E{k) 


Cross helicity spectrum 


C"''(k) 


{M,(k)6,.(k')> 


Hc{k) 


Elsasser variable spectrum 


C7*-(k) 


(^f(k)<(k')) 


E^{k) 


Elsasser variable spectrum 


C7±T (k) 


(^f(k)^T(k')) 




Enstrophy spectrum 


fi(k) 


(tJi(k)Wj(k')) 


n{k) 


Mean-square vector pot. spectrum 


A2{k.) 


(ai(k)a,(k')) 


A2{k) 



where i'± = {v ± rj) /2 and 

From the Eq. (27) it is clear that the interactions are between z+ and z modes. 

Energy and other second-order quantities play important roles in MHD turbulence. For a homogeneous system 
these quantities are defined as 

(X,(k,t)y,(k',i)) = C,^^(k,f)(27r)'^(5(k + k'), 

where X, Y are vector fields representing u, b, or z^. The spectrum is also related to correlation function in real 
space 

^^"W=/(^C^r(k)exp(ik.r). 

When mean magnetic field is absent, or its effects are ignored, then we can take Cj^^(k) to be an isotropic tensor, 
and it can be written as [8] 

C^^(k)=Pi,-(k)C^^(fc). (28) 

When turbulence is isotropic and X = Y, then a quantity called ID spectrum or reduced spectrum (k) defined 
below is very useful. 

where Sd = 27r'^/2/r((i/2) is the area of d— dimensional unit sphere. Therefore, 

E^{k) = C^^O.)k'^-'^^^. (29) 

Note that the above formula is valid only for isotropic turbulence. We have tabulated all the important spectra of 
MHD turbulence in Table HI. The vector potential A = Aq + a, where Aq is the mean field, and a is the fiuctuation. 

The global quantities defined in Table II are related to the spectra defined in Table III by Perceval's theorem [8]. 
Since the fields are homogeneous, Fourier integrals arc not well defined. In Appendix A we show that energy spectra 
defined using correlation functions are still meaningful because correlation functions vanish at large distances. We 
consider energy per unit volume, which are finite for homogeneous turbulence. As an example, the kinetic energy per 
unit volume is related to energy spectrum in the following manner: 
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^,jdJ-{u-)^\j^,Cui}.)=jE-ik)dk 



Similar identities can be written for other fields. 

In three dimensions we have two more important quantities, magnetic and kinetic helicities. In Fourier space 
magnetic helicity ifM(k) is defined using 

{ai (k, t) bj (k', t)) = Pij (k) £rM(k)(27r)'^5(k + k') 

The total magnetic helicity Hm can be written in terms of 

Hm = ^(a(x).b(x)) 



^^M(k) 



(27r) 

= j dkHM{k) 
Therefore, one dimensional magnetic helicity Hm is 

47rfc^ 

Using the definition b(k) = zk x a(k), we obtain 

{b, (k, t) bj (k', t)) = [Py (k) C''\k) - ie^JlklHM{^k)] (27r)'^,5(k + k') 

The first term is the usual tensor described in Eq. (28), but the second term involving magnetic helicity is new. We 
illustrate the second term with an example. If k is along z axis, then 

b,(k)by(k) = -ikHMO^. 

This is a circularly polarized field where bx and by differ by a phase shift of 7r/2. Note that the magnetic helicity 
breaks mirror symmetry. 

A similar analysis for kinetic helicity shows that 



{Ui (k, t) nj (k', t)) = Pij (k) HK{\^){2nf6(k + k') 



(27r)" 
and 

i?M(k) 



Pij (k) C""(k) - icijiki 



fc2 



We can Fourier transform time as well using 

u (x, t) = J dku (k, uj) exp (ik • x — iiot) 
u(k, oj) = J dxdtu (x, t) exp (— ik • x + icot) 
where dk = dkduj / {2'jt)'^~^^ . The resulting MHD equations in fc = (k, w) space are 

{-iu + vk"-) Ui{k) = -'-P+jmi^) I , dp [Uj{p)Um{q) - bj{p)bm{q)] , (30) 

^ Jp+q=k 



{-iu; + r]k^) bi{k) = -ii^7„(k) / dp [uj{p)h 

J p-\-q=k 



(31) 
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or, 



{-iu; T « (Bo • k) + u+e) zf{k) + v-k^zf{k) = -iMijmCk) J dpzj{p)zt,{k - p) (32) 

After we have introduced the energy spectra and other second-order correlation functions, we move on to discuss 
their evolution. 

F. Energy Equations 

The energy equation for general (compressible) Navier-Stokes is quite complex. However, incompressible Navier- 
Stokes and MHD equations are relatively simpler, and are discussed below. 

From the evolution equations of fields, we can derive the following spectral evolution equations for incompressible 
MHD 

|+2.t»)c-'(k,,) = _ 4 ^ ^) X^^^^^„ ■ ("'-) ■ "<"'))> 

+9((k'.b(q))(b(p)^u(k')))l, (33) 

+9((k'.b{q))(u(p).b(k')))), (34) 

where $J stands for the imaginary part. Note that k' + p + q = and k' = — k. In Eq. (33) the first term in the RHS 
provides the energy transfer from the velocity modes to u(k) mode, and the second term provides the energy transfer 
from the magnetic modes to u(k) mode. While in Eq. (34) the first term in the RHS provides the energy transfer 
from the magnetic modes to b(k) mode, and the second term provides the energy transfer from the velocity modes to 
b(k) mode. Note that pressure couples with compressible modes, hence it is absent in the incompressible equations. 
Simple algebraic manipulation shows that the mean magnetic field also disappears in the energy equation. In a finite 

box, using (|u(k)|^\ = C(k)/((d - 1)L'^), and 5(k)(27r)'^ = L"^ (see Appendix A), we can show that 



(I + ^^^') \ (l^(^)l') = El-^ ((k' • "(q)) (b(p) • b(k'))) + 9 ((k' . b(q)) (u(p) . b(k')))]. 

Many important quantities, e.g. energy fluxes, can be derived from the energy equations. We will discuss these 
quantities in the next section. 



III. MODE-TO-MODE ENERGY TRANSFERS AND FLUXES IN MHD TURBULENCE 

In turbulence energy exchange takes place between various Fourier modes because of nonlinear interactions. Basic 
interactions in turbulence involves a wavenumber triad (k', p, q) satisfying k' -|- p -|- q = 0. Usually, energy gained by 
a mode in the triad is computed using the combined energy transfer from the other two modes [101]. Recently Dar et 
al. [45] devised a new scheme to compute the energy transfer rate between two modes in a triad, and called it "mode- 
to-mode energy transfer''^ They computed energy cascade rates and energy transfer rates between two wavenumber 
shells using this scheme. We will review these ideas in this section. Note that we are considering only the interactions 
of incompressible modes. 



A. "Mode-to-Mode" Energy Transfer in Fluid Turbulence 

In this subsection we discuss evolution of energy in turbulent fluid in a periodic box. The equation for MHD will 
be discussed subsequently. We consider ideal case where viscous dissipation is zero {u = 0). The equations are given 
in Lesieur [101] 

(k')l' = Ek'+p+q=o [(k' • u(q)) (u(k') . u(p)) + (k' . u(p)) (u(k') . u(q))] , (35) 
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where 3 denotes the imaginary part. Note that the pressure does not appear in the energy equation because of the 
incompressibility condition. 

Consider a case in which only three modes u(k'), u(p), u(q), and their conjugates are nonzero. Then the above 
equation yields 

~\uO^')f = ^5(k'|p,q), (36) 

where 

5(k'|p, q) = -9 [(k' • u(q)) (u(k') • u(p)) + (k' • u(p)) (u(k') • u(q))] . (37) 

Lesieur and other researchers physically interpreted ^(k'lpjq) as the combined energy transfer rate from modes p 
and q to mode k'. The evolution equations for |u(p)|^ and |u(q)|^ are similar to that for |u(k')|^. By adding the 
energy equations for all three modes, we obtain 



5(k'|p,q) + 5(p|q,k') + 5(q|k',p) 

9[(q.u(q))(u(k')-u(p)) 
+ (p.u(p))(u(k')-u(q)) 
+ (k'.u(k'))(u(p).u(q))] 

For incompressible fluid the right-hand-side is identically zero because k' • u(k') = 0. Hence the energy in each 
interacting triad is conserved , i.e., 

\u (k')l' + \u (p)l' + \u (q)p = const. 

The question is whether we can derive an expression for mode-to-mode energy transfer rates from mode p to mode 
k', and from mode q to mode k' separately. Dar et al. [45] showed that it is meaningful to talk about energy transfer 
rate between two modes. They derived an expression for the mode-to-mode energy transfer, and showed it to be 
unique apart from an irrelevant arbitrary constant. They referred to this quantity as "mode-to-mode energy transfer". 
Even though they talk about modc-to-modc transfer, they are still within the framework of triad interaction, i.e., a 
triad is still the fundamental entity of interaction. 



d_ 
dt 



\u(k')f + \uip)\^ + \uici)\' 



/2 



1. Definition of Mode-to-Mode Transfer in a Triad 

Consider a triad (k'|p,q). Let the quantity i?""(k'|p|q) denote the energy transferred from mode p to mode k' 
with mode q playing the role of a mediator. We wish to obtain an expression for R. 
The i?'s should satisfy the following relationships : 

1. The sum of energy transfer from mode p to mode k' (i?""(k'|p|q)), and from mode q to mode k' (_R™(k'|p|q)) 
should be equal to the total energy transferred to mode k' from modes p and q, i.e., S'""(k'|p, q) [see Eq. (36)]. 
That is, 

i?""(k'|p|q) + i?""(k'|q|p) = 5""(k'|p,q), (38) 
i?""(p|k',q) +i?""(p|q|k') = 5""(p|k',q), (39) 
i?""(q|k'|p) + i?""(q|p|k') = 5""(q|k', p). (40) 

2. By definition, the energy transferred from mode p to mode k', i?''"(k'|p|q), will be equal and opposite to the 
energy transferred from mode k' to mode p, i?""(p|k'|q). Thus, 

i?™(k'|p|q) + i?""(p|k'|q) = 0, (41) 
i?""(k'|q|p) + i?""(q|k'|p) = 0, (42) 
E""(p|q|k') + i?""(q|p|k') = 0. (43) 

These are six equations with six unknowns. However, the value of the determinant formed from the Eqs. (38-43) is 
zero. Therefore we cannot find unique J?'s given just these equations. In the following discussion we will study the 
set of solutions of the above equations. 
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2. Solutions of equations of mode-to-mode transfer 

Consider a function 

5-"(k'|p|q) = -9 ([k' • u(q)] [u(k') • u(q)]) (44) 

Note that 5'""(k'|p|q) is altogether different function compared to S'(k'|p,q). In the expression for S'""(k'|p|q), the 
field variables with the first and second arguments are dotted together, while the field variable with the third argument 
is dotted with the first argument. 

It is very easy to check that S'""(k'|p|q) satisfy the Eqs. (38-43). Note that S'""(k'|p|q) satisfy the Eqs. (41-43) 
because of incompressibility condition. The above results impHes that the set of ^""(ID's is one instance of the 
i?''"(||)'s. However, S'""(k'|p|q) is not a unique solution. If another solution ii"''(k'|p|q) differs from S'(k'|p|q) by an 
arbitrary function X^, i.e., i?""(k'|p|q) = ^""(k'lplq) -|- X^, then by inspection we can easily see that the solution 
of Eqs. (38-43) must be of the form 

ii""(k'|p|q) = 5«"(k'|p|q) + Xa (45) 



ii"''(k'|q|p) = 5«"(k'|q|p) - Xa (46) 

i?""(p|k'|q) = 5"«(p|k'|q) - Xa (47) 

i?""(p|q|k') = S(p|q|k') + Xa (48) 

i?""(q|k'|p)=5(q|k'|p)+XA (49) 

i?«"(q|p|k') = 5(q|p|k')-XA (50) 

Hence, the solution differs from 5""(k'|p|q) by a constant. See Fig. 2 for illustration. A careful observation of the 
figure indicates that the quantity Xa fiows along p ^ k' — > q — > p, circulating around the entire triad without 
changing the energy of any of the modes. Therefore we will call it the Circulating transfer. Of the total energy 
transfer between two modes, 5"" + Xa, only 5"" can bring about a change in modal cncrgj'. Xa transferred from 
mode p to mode k' is transferred back to mode p via mode q. Thus the energy that is effectively transferred from 
mode p to mode k' is just S'''"(k'|p|q). Therefore 5''"(k'|p|q) can be termed as the effective mode-to-mode energy 
transfer from mode p to mode k'. 

Note that Xa can be a function of wavenumbers k',p,q, and the Fourier components u(k'), u(p), u(q). It may be 
possible to determine Xa using constraints based on invariance, symmetries, etc. Dar et al. [44] attempted to obtain 
Xa using this approach, but could show that Xa is zero to linear order in the expansion. However, a general solution 
for Xa could not be found. Unfortunately, Xa cannot be calculated even by simulation or experiment, because we 
can experimentally compute only the energy transfer rate to a mode, which is a sum of two mode-to-mode energy 
transfers. The mode-to-mode energy transfer rate is really an abstract quantity, somewhat similar to "gauges" in 
electrodynamics. 

The terms UjdjUi and UiUjdjUi are nonlinear terms in the Navier-Stokes equation and the energy equation respec- 
tively. When we look at the formula (44) carefully, we find that the Uj (q) term is contracted with kj in the formula. 
Hence, Uj field is the mediator in the energy exchange between first (ui) and third field (wj) of UiUjdjUi. 

In this following discussion we will compute the energy fiuxes and the shell-to-shell energy transfer rates using 
^""(k'lplq). 



B. Shell-to-Shell Energy Transfer in Fluid Turbulence Using Mode-to-mode Formalism 

In turbulence energy transfer takes place from one region of the wavenumber space to another region. Domaradzki 
and Rogallo [49] have discussed the energy transfer between two shells using the combined energy transfer S'""(k'|p,q). 
They interpret the quantity 

7^"m = ^E E^""(k'lP'q)- (51) 

k'6n pSm 
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u(k') 




R™(k'lplq)=S™(k'lplq)+X^ 



u(p) 



Figure 2: Mode-to-mode energy transfer in fluid turbulence. S'""(k'|p|q) represents energy transfer rate from mode u(p) to 
mode u(k') with the mediation of mode u(q). Xa is the arbitrary circulating transfer. 

as the rate of energj' transfer from shell m to shell n . Note that k'-sum is over shell n, p-sum over shell m, and 
k' -h p -|- q = 0. However, Domaradzki and Rogallo [49] themselves points out that it may not be entirely correct to 
interpret the formula (51) as the shell-to-shell energy transfer. The reason for this is as follows. 

In the energy transfer between two shells m and n, two types of wavenumber triads arc involved, as shown in Fig. 
3. The real energy transfer from the shell m to the shell n takes place through both k'-p and k'-q legs of triad I, but 
only through k'-p leg of triad II. But in Eq. (51) summation erroneously includes k'-q leg of triad II also along with 
the three legs given above. Hence Domaradzki and Ragallo's formalism [49] do not yield totally correct shell-to-shell 
energy transfers, as was pointed out by Domaradzki and Rogallo themselves. We will show below how Dar et al.'s 
formahsm [45] overcomes this difSculty. 

By definition of the the mode-to-mode transfer function ii""(k'|p|q), the energy transfer from shell m to shell n 
can be defined as 



where the k'-sum is over the shell n, and p-sum is over the shell m. The quantity i?"" can be written as a sum of an 
effective transfer S"'"(k'|p|q) and a circulating transfer X^- As discussed in the last section, the circulating transfer 
Xa does not contribute to the energy change of modes. From Figs. 2 and 3 we can see that Xa flows from the shell 
m to the shell n and then flows back to m indirectly through the mode q. Therefore the effective energy transfer 
from the shell m to the shell n is just /S'""(k'|p|q) summed over all the k'-modes in the shell n and all the p-modes 
in the shell m, i.e.. 




(52) 



k'en pern 




(53) 



k'gn pGm 



Clearly, the energy transfer through k' — q of the triad II of Fig. 3 is not present in In Dar et al.'s formahsm 
because q ^ to. Hence, the formalism of the mode-to-mode energy transfer rates provides us a correct and convenient 
method to compute the shell-to-shell energy transfer rates in fluid turbulence. 
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Figure 3: Shell-to-shell energy transfer from wavenumber-shell m to wavenumber-shell n. The triads involved in this process 
fall in two categories: Type I, where both p and q are inside shell m, and Type II, where only p is inside shell m. 



C. Energy Cascade Rates in Fluid Turbulence Using Mode-to-mode Formalism 

The kinetic energy cascade rate (or flux) 11 in fluid turbulence is defined as the rate of loss of kinetic energy by 
the modes inside a sphere to the modes outside the sphere. Let be the radius of the sphere under consideration. 
Kraichnan [84], Leslie [102], and others have computed the energy flux in fluid turbulence using 5""(k'|p|q) 

n(M = - E E ^^""(k'lplq)- (54) 

|k|</co |p|>*:o 

Although the energy cascade rate in fluid turbulence can be found by the above formula, the mode-to-mode approach 
of Dar et al. [45] provides a more natural way of looking at the energy flux. Since i?""(k'|p|q) represents energy 
transfer from p to k' with q as a mediator, we may alternatively write the energy flux as 

n(fco)= E E ^""(k'|p|q)- (55) 

|k'|>fco |p|<feo 

However, i?""(k'|p|q) = 5""(k'|p|q) +Xa, and the circulating transfer Xa makes no contribution to the the energy 
flux from the sphere because the energy lost from the sphere through Xa returns to the sphere. Hence, 

n(fco)= E E ^''"(k'lPlq)- (56) 

|k'|>fco |p|<feo 

Both the formulas given above, Eqs. (54) and (56), are equivalent as shown by Dar et al. [44]. 
Frisch [61] has derived a formula for energy flux as 

n(A;o) = (u< . (u< . Vu>J) + (u< . (u> . Vu>J) . 

It is easy to see that the above formula is consistent with mode-to-mode formalism. As discussed in the Subsection 
HI A 2, the second fleld of both the terms are mediators in the energy transfer. Hence in mode-to-mode formalism. 
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the above formula will translate to 

n(fco) = E E [(k' • u<(q)) ("<(P) • u>(k')) + (k' • u>(q)) (u<(p) • u>(k'))] , 

k>ko p<ko 

which is same as mode-to-mode formula (56) of Dar et al. [45]. 

After discussion on energy transfers in fluid turbulence, we move on to MHD turbulence. 

D. Mode-to-Mode Energy Transfer in MHD Turbulence 

In Fourier space, the kinetic energy and magnetic energy evolution equations are [167] 
f)P'^('\(\ 1 1 

^-^ + 2,.k^E^{k)= 2^""('''IP'^)+ E ^S-\^'\P,^), (57) 

k'+p+q=0 k'+p+q=0 



+2f,k^E''(k)= ^5''(k'|p,q)+ Y ^'5^"(k'|p,q), (58) 

k'+p+q=0 k'+p+q=0 

where E"{k.) = |u(k)p/2 is the kinetic energy, and E^Ck) = |b(k)p/2 is the magnetic energy. The four nonhnear 
terms ^""(k'lp, q), S'"''(k'|p, q), 5''''(k'|p, q) and S'*'"(k'|p, q) are 

5«"(k'|p, q) = -9 ([k'.u(q)] [u(k').u(p)] + [k'.u(p)] [u(k').u(q)]) , (59) 
5''^(k'|p, q) = -9 ([k'.u(q)] [b(k').b(p)] + [k'.u(p)] [b(k').b(q)]) , (60) 
5«''(k'|p, q) = 3 ([k'.b(q)] [u(k').b(p)] + [k'.b(p)] [u(k').b(q)]) , (61) 

5'"'(k'|p, q) = 9 ([k'.b(q)] [b(k').u(p)] + [k'.b(p)] [b(k').u(q)]) . (62) 

These terms arc conventionally taken to represent the nonlinear transfer from modes p and q to mode k' of a triad 
[101, 167]. The term S'""(k'|p,q) represents the net transfer of kinetic energy from modes p and q to mode k'. 
Likewise the term 5"''(k'|p,q) is the net magnetic energy transferred from modes p and q to the kinetic energy in 
mode k', whereas S'^"(k'|p,q) is the net kinetic energy transferred from modes p and q to the magnetic energy in 
mode k'. The term <S'''''(k'|p, q) represents the transfer of magnetic energy from modes p and q to mode k'. 
Stanisic [167] showed that the nonlinear terms satisfy the following detailed conservation properties: 

5""(k'|p, q) + 5«"(p|k', q) + S""(q|k', p) = 0, (63) 

S'%'\p, q) + 5''*(p|k', q) + 5''*(q|k', p) = 0, (64) 

and 

5-''(k'|p, q) + 5"''(p|k', q) + 5"''(q|k', p) + 5^"(k'|p, q) + 5^"(p|k', q) + ^''"(qlk', p) - 0. (65) 

The Eqs. (63, 64) implies that kinetic/magnetic energy are transferred conservatively between the velocity /magnetic 
modes of a wavcnumber triad. The Eq. (65) implies that the cross-transfers of kinetic and magnetic energy, 
S'"''(k'|p, q) and S'''"(k'|p, q), within a triad are also energy conserving. 

Dar et al. [44, 45] provided an alternative formalism called mode-to-mode energy transfer for MHD turbu- 
lence. This is a generalization fluid's modc-to-modc formalism described in the previous subsection. Wc con- 
sider ideal MHD fluid {v = r] = 0). The basic unit of nonlinear interaction in MHD is a triad involving modes 
u(k'), u(p), u(q), b(k'), b(p), b(q) with k' -|- p -|- q = 0, and the "mode-to-mode energy transfer" is from velocity to 
velocity, from magnetic to magnetic, from velocity to magnetic, and from magnetic to velocity mode. We will discuss 
these transfers below. 
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Figure 4: Modc-to-modc energy transfers in MHD turbulence. S'''''(k'|p|q) represents energy transfer rate from mode b(p) to 
mode b(k') with the mediation of mode u(q), while S"'''(q|k'|p) represents energy transfer rate from mode b(k') to mode u(q) 
with the mediation of mode b(p). 



1. Velocity mode to velocity mode energy transfer 

In Section III A wc discussed the mode-to-mode transfer, i?"", between velocity modes in fluid flows. In this section 
we win find i?"" for MHD fiows. Let i?""(k'|p|q) be the energy transfer rate from the mode u(p) to the mode u(k') 
in mediation of the mode u(q) . The transfer of kinetic energy between the velocity modes is brought about by the 
term u- Vu, both in the Navier-Stokes and MHD equations. Therefore, the expression for the combined kinetic energy 
transfer in MHD will be same as that in fluid. Consequently, i?"" for MHD will satisfy the constraints given in Eqs. 
(38-43). As a result, i?™(k'|p|q) in MHD can be expressed as a sum of a circulating transfer Xa and the effective 
transfer S'""(k'|p|q) given by Eq. (44), i.e.. 



i?""(k'|p|q) = 5""(k'|p|q) + Xa (66) 

As discussed in Subsection HI A, the circulating transfer Xa is irrelevant for the energy flux or the shell-to-shefl 
energy transfer. Therefore, we we use S'""(k'|p|q) as the energy transfer rate from the mode u(p) to the mode u(k') 
with the mediation of the mode u(q). /S'""(k'|p|q) and other transfers in MHD turbulence are shown in Fig. 4. 



2. Magnetic mode to Magnetic mode energy transfers 

Now we consider the magnetic energy transfer i?^''(k'|p|q) from b(p) to b(k') in the triad (k',p, q) (see Fig. 4). 
This transfer is due to the term u • Vb of induction equation (Eq. [13]). The function i?''''(k'|p|q) should satisfy the 
same relationships as (38-43) with i?"" and S^'^ replaced by R'''' and S'''' respectively. The solution of J?""'s are not 
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unique. Following arguments of Subsection III A we can show that 

i?''''(k'|p|q) = 5^''(k'|p|q) + Fa (67) 

where 

5''^(k'|p|q) = -9 ([k' • u(q)] [b(k') • b(p)]) , (68) 

and Ya is the circulating energy transfer that is transferred from b(p) b(k') b(q) and back to b(p). 1a does 
not cause any change in modal energy. Hence, the magnetic energy effectively transferred from b(p) to b(k') is just 
5*''(k'|p|q), i.e., 

i?f//(k'|p|q) = 5*''(k'|p|q). (69) 



3. Energy Transfer Between a Velocity Mode to a Magnetic mode 



We now consider the energy transfer i?"''(k'|p|q) (from b(p) to u(k')) and i?^"(k'|p|q) (from u(p) to b(k')) as 
illustrated in Fig. 4. These functions satisfy properties similar to Eqs. (38-43). For example, for energies coming to 
u(k'), we have 



i?-^(k'|p|q) +i?"''(k'|q|p) = 5«''(k'|p,q), (70) 

i?"*(k'|p|q) + i?*"(p|k'|q) = 0. (71) 

The solutions of these equations are not unique. Using arguments similar to those in Subsection III A, we can show 
that the general solution of i?'s are 

5''«(k'|p|q) = 5^«(k'|p|q)+ZA, (72) 

5-^(k'|q|p)=5"''(k'|q|p)-ZA, (73) 

where 

5''"(k'|p|q) = 9 ([k' • b(q)] [b(k') • u(p)]) , (74) 



5«''(k'|p|q) = 9 ([k' • b(q)] [u(k') • b(p)]) , (75) 

and Za is the circulating transfer, transferring energy from u(p) b(k') u(q) b(p) u(k') b(q) and back 
to u(p) without resulting in any change in modal energy. See Fig. 4 for illustration. Since the circulating transfer 
does not affect the net energy transfer, we interpret 5*'" and S'^^ as the effective mode-to-mode energy transfer rates. 
For example, S''"'(k'|p|q) is the effective energy transfer rate from u(p) to b(k') with the mediation of b(q), i.e, 

i?^^/(k'|p|q) = 5'"'(k'|p|q). (76) 

To summarize, the energy evolution equations for a triad (k, p, q) are 

5«"(k'|p|q) + 5""(k'|q|p) + 5"^(k'|p|q)+5«''(k'|q|p) (77) 
5^''(k'|p|q) + 5'"'(k'|q|p) + 5''"(k'|p|q)+5''"(k'|q|p) (78) 

= u or 6) is the modc-to-modc energy transfer rate from mode p of field X to 
as a mediator. These transfers have been schematically shown in Fig. 4. 



As discussed above S'^'^(k'|p|q) {X,Y ■ 
mode k' of field Y with mode q acting 
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The triads interactions can are also be written in terms of Elsasser variables. Here the participating modes are 
z^(k'),z^(p) and z^(q). The energy equations for these modes are 

|i (k')l' = 5±(k'|p|q) + 5±(k'|q|p), (79) 

where 

^±(k'|p|q) = -3([k'.z^(q)] [z±(k')-z±(p)]). (80) 

From Eq. (80) we deduce that the z+ modes transfer energy only to z+ modes, and z~ modes transfer energy only to 
z~ modes. This is in spite of the fact that nonlinear interaction involves both z+ and z~ modes. These deductions 
became possible only because of mode-to-mode energy transfers proposed by Dar et al. 
The evolution equation of magnetic helicity in a triad interaction is given by 



d 1 
dt ^ ' 2 



b*(k).^+a*(k) ^^("^^ 



where 



(81) 



dt ^ ' dt 

5^^-^(k'|p|q)+5^"(k'|q|p), (82) 



5^"(k'|p|q) = i5R[b(k')-(u(p)xb(q))] 

+ \^ [(k' . b(q)) (a(k') . u(p)) - (k' . u(q)) (a(k') • b(p))] (83) 

In ideal MHD, the functions S'^"^(k'|p|q) and energy functions have the following interesting properties: 

1. Energy transfer rate from X(p) to Y(k') is equal and opposite to that from Y(k') to X(p), i. e., 

5^^(k'|p|q) = -5^^(p|k'|q). 

2. Sum of all energy transfer rates along u-u, b-b, z^-z^ , and z~-z~ channels are zero, i.e.. 



^^^(k'lplq) + 5^^(k'|q|p) + ^^^(p|k'|q) 
-f5^^(p|q|k') + 5^^(q|k'|p) + S^^(q|p|k') = 0, 

where X could be a vector field (u, b, z+,z~). 

3. Sum of all energy transfer rates along u-b channel is zero, i.e., 

5^"(k'|p|q) + 5^"(k'|q|p) + 5^"(p|k'|q) + ^""(pjqjk') + ^""(qlk'lp) + ^""(qlPlk') 
+5«''(k'|p|q) + 5"''(k'|q|p) + 5"*'(p|k'|q) + 5"''(p|q|k') + ^"''(qlk'lp) + 5''''(q|p|k') = 0. 

4. Using the above identities we can show that total energy in a triad interaction is conserved, i. e., 

E"{k')+E^{p) + E''{q)+E\k')+E''{p)+E''{q) = canst. 
Kinetic energy and magnetic energies are not conserved individually. 

5. Sum of all E^ energies of in a triad are conserved. Similarly, sum of all E~ energies are conserved, i. e., 

i;=^(k')+£^=^(p) + S±(q) = const. 
Since cross helicity He = {E~^ — £'~)/4, we find the cross helicity is also conserved in a triad interaction. 

6. Sum of transfer rates of magnetic helicity in a triad is zero, i. e., 

5^"(k'|p|q) -F5^"(k'|q|p) -hS'^«(p|k'|q) 
+5^"(k'|p|q)+5^"(k'|q|p) + S'^"(p|k'|q) = 0. 
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7. Sum of Hm in a triad is conserved, i.e., 

Hm{^) + Hm{v) + Hm{(\) = const. 

8. In incompressible flows, ikp(k) is perpendicular to both the transverse components (transverse to k), and it 
does not couple with them. That is why pressure is absent in the energy transfer formulas for incompressible 
flows. Pressure does not isotropize energy in the transverse direction, contrary to Orszag's conjecture [140]. In 
compressive flows pressure couples with the compressive component of velocity field and internal energy. 

9. Mean magnetic field only convects the waves; it does not participate in energy exchange. Hence, it is absent in 
the energy transfer formulas. 

In the above subsections we derived formulas for mode-to-mode energy transfer rates in MHD turbulence. In the next 
subsections, we will use these formulas to define (a) shell-to-shell transfers and (b) cascade rates in MHD turbulence. 

E. Shell-to-Shell Energy Transfer Rates in MHD Turbulence 

Using the definition of the mode-to-mode energy transfer function /S'^''^(k'|p|q), the energy transfer rate from m-th 
shell of field X to n-th shell of field Y is 

=Y.Y. ^'''^(k'lPlq)- (84) 

k'en pGm 

The p-sum is over m-th shell, and the k'-sum is over n-th shell. As discussed in Subsection IIIB, the circulating 
transfer rates Xaj^^a, and Za do not appear in the expressions for shell-to-shell energy transfer rates. Also, as 
discussed in Section IIIB, shell-to-shell energy transfer can be reliably computed only by mode-to-mode transfer 
5(k'|p|q). 

The numerical and analytical computation of shell-to-shell energy transfer rates will be discussed in the later part 
of the paper. 

F. Energy Cascade Rates in MHD Turbulence 

The energy cascade rate (or flux) is deflned as the rate of loss of energy from a sphere in the wavenumber space 
to the modes outside the sphere. There are various types of cascade rates in MHD turbulence. We have shown them 
schematically in Fig. 5. For flux studies, we split the wavenumber space into two regions: k < ko (inside "fco spfiere") 
and k > ko (outside "fco sphere"). The energy transfer could take place from the inside/outside of the u/6-sphere to 
the inside/outside of the u/6-sphere. In terms of S'^'^(k'|p|q) the energy transfer rate from region A of X fleld to 
region B of Ffleld is 

n?;B= E E^''''(k'lp|q)- (85) 

k'es peA 

For example, energy flux from w-sphere of radius fco to 6-sphere of the same radius is 

n?^(fco)= E E ^''"(k'lPlq). 

|k'|<ko |p|<feo 

In this paper we denote inside of a sphere by < sign and outside of a sphere by > sign. Note that the energy flux 
is independent of circulatory energy transfer. The total energy flux is deflned as the total energy (kinetic+magnetic) 
lost by the fco-sphere to the modes outside of the sphere, i. e., 

ntot(fco) = n«<(fco) + n^<(fco) + n^<(fco) + Kiiko). 

Using arguments of Subsection IIIB, it can be easily seen that the fluxes n^>(fco),n^^(fco),n|j^(fco),n^>(fco) can 
all be computed using the combined energy transfer S'(k'lplq), and mode-to-mode energy transfer iS'(k'|p|q). However, 
nj^^(fco) and n^^(A;o) can be computed only using S'(k'|p|q), not by S'(k'|p,q). 
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Viscous Diss 




Figure 5: Various energy fluxes in MHD turbulence. represents energy flux from the inside of X-sphere to the outside of 

y-sphere. 




► 



► 



Figure 6: Energy flux n"'"(n ) from inside the z"*"— sphere {z —sphere) to outside of 2; """-sphere {z -sphere). 
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We also define the energy flux 11+ (11 ) from inside tfie ^;"'"-spiiere {z -spfiere) to outside of ^"'"-sphere {z -sphere) 

n^(^o) = E E ^^(k'lplq)- 

|k'|>ko |p|<feo 

as shown in Fig. 6. Note that there is no cross transfer between z^-sphere and 2;~-sphere. 

The energy fluxes have been computed analytically and numerically by researchers. These results will be described 
in later part of the paper. 



G. Digression to Infinite Box 

In the above discussion we assumed that the fluid is contained in a finite volume. In simulations, box size is typically 
taken to 27r. However, most analytic calculations assume infinite box. It is quite easy to transform the equations 
given abovo to those for infinite box using the method described in Appendix. Here, the evolution of energy spectrum 
is given by (see Section II) 

9 , n..i.2\ r^uun. .^ _ 2 f dp 



(d-l)Mk + k') A'+p+q=o (27r)2'^ 
[5™(k'|p|q) + ^"''(k'|p|q)] (86) 



^^+2r,k'^C'"'{k,t) - (d_i)J(k + k')X+p+^=o(2t^^<^ 



[5''"(k'|p|q) + 5^''(k'|p|q)] (87) 
The shell-to-shell energy transfer rate from the m-th shell of field X to the n-th shell of field Y is 

= (WtI^ L W? L <0f ^^"'^■"'""^ ' 

In terms of Fourier transform, the energy cascade rate from region A of field X to region B of field Y is 
In z+ variables, the energy evolution equations are 

and the energy fiuxes Ii^{ko) coming out of a wavenumber sphere of radius is 
For isotropic fiows, after some manipulation and using Eq. (29), we obtain [101] 



(90) 



^ + 2i^fc2^ E"''''±(A;, t) = T«''''±(A;, i), (91) 

where T{k,t), called transfer function, can be written in terms of 5^^(k'|p|q). The above formulas will be used in 
analytic calculations. 

The mode-to-mode formalism discussed here is quite general, and it can be applied to scalar turbulence [183], 
Rayleigh-Benard convection, enstrophy. Electron MHD etc. One key assumption however is incompressibility. With 
this remark we close our formal discussion on energy transfers in MHD turbulence. In the next section we wih discuss 
various turbulence phenomenologies and models of MHD turbulence. 
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IV. MHD TURBULENCE PHENOMENOLOGICAL MODELS 

In the last two sections we introduced Navier-Stokes and MHD equations, and spectral quantities like the energy 
spectra and fluxes. These quantities will be analyzed in most part of this paper using (a) phenomenological (b) 
numerical (c) analytical (d) observational or experimental methods. In the present section we will present some of 
the existing phenomenological models of MHD turbulence. 

Many MHD turbulence models are motivated by fluid turbulence models. Therefore, we present a brief review 
of fluid turbulence models before going to MHD turbulence. The most notable theory in fluid turbulence is due to 
Kolmogorov, which will be presented below. 

A. Kolmogorov's 1941 Theory for Fluid Turbulence 

For homogeneous, isotropic, incompressible, and steady fluid turbulence with vanishing viscosity (large Re), Kol- 
mogorov [80-82, 97] derived an exact relation that 

((A«)J) = -^d (92) 

where (Am)!] is component of u(x + 1) — u(x) along 1, e is the dissipation rate, and I lies between forcing scale (L) 
and dissipativo scales (Z,;), i.e., Id I L. This intermediate range of scales is called inertia! range. Note that the 
above relationship is universal, which holds independent of forcing and dissipative mechanisms, properties of fluid 
(viscosity), and initial conditions. Therefore it flnds applications in wide spectrum of phenomena, e. g., atmosphere, 
ocean, channels, pipes, and astrophysical objects like stars, accretion disks etc. 

More popular than Eq. (92) is its equivalent statement on energy spectrum. If we assume Au to be fractal, and e 
to be independent of scale, then 

{{Auf) oc e'^'H^I^ 

Fourier transform of the above equation yields 

E{k) = KKoe^^^k-'^^'^ (93) 

where Kko is a universal constant, commonly known as Kolmogorov's constant. 

Kolmogorov's derivation of Eq. (92) is quite involved. However, Eqs. (92, 93) can be derived using scaling arguments 
(dimensional analysis) under the assumption that 

1. The energy spectrum in the inertial range does not depend on the large-scaling forcing processes and the small- 
scale dissipative processes, hence it must be a power law in the local wavenumber. 

2. The energy transfer in fluid turbulence is local in the wavenumber space. The energy supplied to the fluid at 
the forcing scale cascades to smaller scales, and so on. Under steady-state the energy cascade rate is constant 
in the wavenumber space, i. e., H(A;) = constant = e. 

Eq. (93) has been supported by numerous experiments and numerical simulations. Kolmogorov's constant Kko has 
been found to He between 1.4-1.6 or so. It is quite amazing that complex interactions among fluid eddies in various 
diflferent situations can be quite well approximated by Eq. (93). 

In the framework of Kolmogorov's theory, several interesting deductions can be made. 

1. Kolmogorov's theory assumes homogeneity and isotropy. In real flows, large-scales (forcing) as well as dissipative 
scales do not satisfy those properties. However, experiments and numerical simulations show that in the inertial 
range {Id ^ I ^ L), the fluid flows are typically homogeneous and isotropic. 

2. The velocity fluctuations at any scale / goes as 

Therefore, the effective time-scale for the interaction among eddies of size I is 

^ « 1 « e-V3;2/3_ 

Ul 



29 



3. An extrapolation of Kolmogorov's scaling to the forcing and the dissipative scales yields 

L ^ Id' 



e ■ 



Taking u w uijd, one gets 

Id 



1/4 



Note that the dissipation scale, also known as Kolmogorov's scale, depends on the large-scale quantity e apart 
from kinematic viscosity. 

4. From the definition of Reynolds number 

4/3 



V Uljd \ldj 



Therefore, 



L 



Onset of turbulence depends on geometry, initial conditions, noise etc. Still, in most experiments turbulences 
sets in after Re of 2000 or more. Therefore, in three dimensions, number of active modes [L/ldY larger than 
26 million. These large number of modes make the problem quite complex and intractable. 

5. Space dimension does not appear in the scaling arguments. Hence, one may expect Kolmogorov's scaling to hold 
in all dimensions. It is however found that the above scaling law is applicable in three dimension only. In two 
dimension (2D), conservation of enstrophy changes the behaviour significantly (see Appendix D). The solution 
for one-dimensional incompressible Navier-Stokes is u(x, t) = const, which is a trivial solution. 

6. Mode-to-mode energy transfer term S{k\p\q) measures the strength of nonlinear interaction. Kolmogorov's 
theory implicitly assumes that energy cascades from larger to smaller scales. It is called local energy transfer in 
Fourier space. These issues will be discussed in Section VHI and Appendix D. 

7. Careful experiments show that the spectral index is close to 1.71 instead of 1.67. This correction of « 0.04 
is universal and is due to the small-scale structures. This phenomena is known as intermittency, and will be 
discussed in Section XI. 

8. Kolmogorov's model for turbulence works only for incompressible flow. It is connected to the fact that incom- 
pressible flow has local energy transfer in wavenumber space. Note that Burgers equation, which represents 
compressible flow {U » Cg), has energy spectrum, very different from Kolmogorov's spectrum. 

Kolmogorov's theory of turbulence had a major impact on turbulence research because of its universality. Properties 
of scalar, MHD, Burgers, Electron MHD, wave turbulence have been studied using similar arguments. In the next 
subsection we will investigate the properties of MHD flows. 



B. MHD Turbulence Models for Energy Spectra and Fluxes 

Alfvcn waves are the basic modes of incompressible MHD equations. In absence of the nonlinear term (z^ • v)z^, 
z='= are the two independent modes travelling antiparallel and parallel to the mean magnetic fleld. However, when 
the nonhnear term is present, new modes are generated, and they interact with each other, resulting in a turbulent 
behaviour. In the following we will discuss various phenomenologies of MHD turbulence. 
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1. Kraichnan , Iroshnikov, and Dobrowolny et al.'s (KID) Phenomenology - E{k) oc k 

In the mid-sixties, Kraichnan [85] and Iroshnikov [77] gave the first phenomenological theory of MHD turbulence. 
For MHD plasma with mean magnetic field Bq, Kraichnan and Iroshnikov argued that localized and modes 
travel in apposite directions with phase velocity of Bq. When the mean magnetic field Bq is much stronger than the 
fluctuations {Eg ^ Uk), the fluctuations (oppositely moving waves) will interact weakly. They suggested that Alfven 
time-scale TA{k) = (Bok)^^ is the effective time-scale for the relaxation of the locally built-up phase correlations, 
thereby concluding that triple correlation and the energy flux 11 will be proportional to {Bok)~^ . Note that {Bok)~^ <C 
{ukk)~^ . Using dimensional arguments they concluded 

n = A^TAik) {E\k)f k^ = A^Bo^ {E\k)fk'' (94) 

or 

E\k)= A{nBof'^k-^'^, (95) 

where ^4 is a nondimensional constant of order 1. 

The above approximation yields "weak turbulence". In absence of any Bq, the magnetic fleld of the large eddies was 
assumed to play the role of Bq . Kraichnan [85] and Iroshnikov [77] also argued that the Alfven waves are not strongly 
affected by the weak interaction among themselves, hence kinetic and magnetic energy remain equipartitioned. This 
phenomenon is called "Alfven effect". Note that Kraichnan's spectral index is 3/2 as compared to Kolmogorov's index 
of 5/3. 

In 1980 Dobrowolny et al. [48] derived Kraichnan's 3/2 spectrum based on random interactions of and z~ modes. 
Dobrowolny et al.'s argument is however more general, and provide us energy spectrum even when Uk is comparable 
to Bo- They assumed that the interaction between the fluctuations are local in wavenumber space, and that in one 
interaction, the eddies z^ interact with the other eddies of similar sizes for time interval r^. Then from Eq. (27), 
the variation in the amplitudes of these eddies, Sz^ , during this interval is given by 

5^ « 44 ^k^- (96) 



In N such interactions, because of their stochastic nature, the amplitude variation wifl be lS.Zj. « v N{5zj. ). Therefore, 
the number of interactions required to obtain a variation equal to its initial amplitude z"^ is 



and the corresponding time = NkTf. is 



« o ^ 2 (97) 

kn4) {4) 



Tk ~ , s2 ^ - (98) 

kHzt) 4 



The time scale of the energy transfer at wavenumber k is assumed to be . Therefore, the fluxes 11='= of the 



fluctuations z^ can be estimated to be 



v2 



^^^^^^4{4)\4fk\ (99) 

^k 

By choosing different interaction time-scales, one can obtain different energy spectra. Using the same argument as 
Kraichnan [85], Dobrowolny et al. [48] chose Alfven time scale ta = {kBo)~^ as the relevant time-scale, and found 
that 

n+ « n- « -l-E+{k)E-{k)k^ = n. (loo) 

Bo 

If E+{k) « E-{k), then 

E+{k) « E-{k) « (Bon)'/' (101) 

This result of Dobrowolny et al. is the same as that of Kraichnan [85]. We refer to the above as KID's (Kraichnan, 
Iroshnikov, Dobrowolny et al.) phenomenology. 
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2. Marsch, Matthaeus and Zhou's Kolmogorov-like Phenomenology - E{k) oc k 

In 1990 Marsch [110] chose the nonlinear time-scale « {kz^)~^ as the interaction time-scale for the eddies z^, 
and substituted those in Eq. (99) to obtain 

^^^{4)'{4)k, (102) 

which in turn led to 

E±(fc) = ir±(n±)4/3(nT)-2/3fc-5/3^ 

where are constants, referred to as Kolmogorov's constants for MHD turbulence. Because of its similarity with 
Kolmogorov's fluid turbulence phenomenology, we refer to this phenomenology as Kolmogorov-like MHD turbulence 
phenomenology. 

During the same time, Matthaeus and Zhou [118], and Zhou and Matthaeus [200] attempted to combine 3/2 and 
5/3 spectrum for an arbitrary ratio of Uk and Bq. They postulated that the relevant time-scales T^{k) for MHD 
turbulence are given by 

1 1 1 



r±(fc) TA{k) T^^ik) 
= kBo + kz^. 

Substitution of r='=(fc) in Eq. (99) yields 



, _ A'^E+{k)E-{k)k^ 



= ^ y (104) 

Bo + ^JkE±{k) 

where A is a constant. If Matthaeus and Zhou's phenomenology (Eq. [104]) were correct, the small wavenumbers 
{^JkE^(k) ^ Bq) would follow 5/3 spectrum, whereas the large wavenumbers {^kE^[k) <C -Bo) would follow 3/2 
spectrum. 



3. Grappin et al. - Alfvenic Thirhulence 

Grappin et al. [73] analyzed MHD turbulence for nonzero cross helicity; this is also referred to as Alfvenic MHD. 
They used Alfven time-scale as relaxation time-scale for triple correlations, and derived the transfer function (Eq. 
[91]) to be 

T±(fc,i) = j dpdq{k+p + q)-\mkpg/p) [k'E^{p)E^{q) - p'E^{q)E^{k)\ 

They postulated that in the incrtial range, energy spectra E^{k) = K^k~™^ . Using IV^{ko) = — Jq° dkT^, and 
demanding that fluxes are independent of fco, they derived 

m++m~=3. (105) 

In addition, using 



= 2v dpp^E^ip), 

J kn 



'feo 

and assuming = K~ , and k'^ ~ k]-, ~ kn, they concluded that 

= (106) 
e m 

Later we will show that the solar wind observations and numerical results are inconsistent with the above predictions. 
We will show later that Grappin et al.'s key assumptions (1) Alfven time-scale to be the relevant time scale, and (2) 
K'^ = K~ are incorrect. 
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Figure 7: An illustration of an interacting MHD triad in the presence of strong mean magnetic field. 



4. Goldreich and Sridhar - E{k±) oc kj_^^^ 

When the mean magnetic field is strong, the oppositely moving Alfven waves interact weakly. Suppose three Alfvcn 
waves under discussion are z+(p,Wp),z~(q,Wg) and z+(k,Wfe). The wavenumbers and frequency of the triads must 
satisfy the following relationships: 



p + q 



where LUf, = =F_Bofc||, and || and _L represent parallel and perpendicular components respectively to the mean magnetic 
field (Shebalin et al. [161]). Above relationships immediately imply that g|| = 0. Hence, energy transfer could take 
place from p to k in a plane perpendicular to the mean magnetic field, as shown in Fig. 7. 

Under a strong mean magnetic field, the turbulence is termed as weak. In 1994 Sridhar and Goldreich [166] argued 
that the three-wave resonant interaction is absent in MHD turbulence. They constructed a kinetic theory based on 
four-wave interaction and showed that 

i?(fcii,fc±)~ei/3v:4fci'°/'. 

Later, Galtier et al. [63] showed that three-wave interactions are present in MHD, and modified the above arguments 
(to be discussed in Section IV B 6) . 

In a subsequent paper, Goldreich and Sridhar [69] constructed a phenomenology for the strong turbulence. According 
to them, the strong turbulence occurs when the time Tcascade for eddies of width A_l and length Ay to pass their energy 
to the smaller eddies is approximately \^\/Ca ~ \erp/zf^. Assuming local interactions in the wavenumber-space, 
the turbulence cascade rate 11 will be {z^^)'^ / Tcascade ~ {z'^^)^/X±. Since steady-state H is independent of A_l, 

4^ <x XY\ (107) 

that immediately implies that 

E{k±) oc k~^'^. (108) 

± 



The condition \\\/Ca /zf^ along with Eq. (107) yields 

\ \2/3 

A|| oc Aj_ . 
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The above results were expressed in the combined form as 

E{k^, ~ n2/3fc-io/3g {k\\/kT) - (109) 

from which we can derive 

E{k±) ~ j E{k±,kii)dkii ~ kj^^^, 

and 

E{k\\)^ j E{kj_,kii)k±dk±^ k^^"^. 

Thus Goldreich and Sridhar exploited anisotropy in MHD turbulence and obtained Kolmogorov-liko spectrum for 
energy. The above argument is phenomenological. In Section IX B we will present Goldreich and Sridhar's analytic 
argument [69]. As will be discussed later, 5/3 exponent matches better with solar wind observations and numerical 
simulation results. 



5. Verma- Effective Mean Magnetic Field and E{k) oc k ^'^ 

In 1999, Verma [180] argued that the scattering of Alfven waves at a wavenumber k is caused by the combined 
effect of the magnetic field with wavenumbers smaller than k. Hence, Bq of Kraiclinan and Iroshnikov theory should 
be replaced by an "effective mean magnetic field". Using renormalization group procedure Verma could construct this 
effective field, and showed that Bq is scale dependent: 

Bo{k) oc fc-^/^. 

By substituting the above expression in Eq. (95), Verma [180] obtained Kolmogorov's spectrum for MHD turbulence. 
The "effective" mean magnetic field is the same as "local" mean magnetic field of Cho et al. [35]. 



6. Galtier et al.- Weak turbulence and E{k±) oc 

Galtier et al. [63] showed that the three-wave interaction in weak MHD turbulence is not null, contrary to theory 
of Sridhar and Goldreich [166]. Their careful field-theoretic calculation essentially modified Eq. (100) to 

n ^ - — E^ (^kperp) E {kperp)k'^. 

k\\Bo 

Hence, Galtier et al. effectively replaced {kBo)~^ of KID's model with more appropriate expression for Alfven time- 
scale {k\\Bo)~^. From the above equation, it can be immediately deduced that 

E{k±) oc 

In Section IX A we will present Galtier et al.'s [63] analytic arguments. 

In the later part of the paper we will compare the predictions of the above phenomenological theories with the solar 
wind observations and numerical results. We find that Kolmogorov-like scaling models MHD turbulence better than 
KID's phenomenology. We will apply analytic techniques to understand the dynamics of MHD turbulence. 

As discussed in earlier sections, apart from energy spectra, there are many other quantities of interest in MHD 
turbulence. Some of them are cross hehcity, magnetic hehcity, kinetic helicity, enstrophy etc. The statistical properties 
of these quantities are quite interesting, and they are addressed using (a) Absolute Equilibrium State (b) Selective 
Decays (c) Dynamic Ahgnment, which are discussed below. 



C. Absolute Equilibrium States 



In fiuid turbulence when viscosity is identically zero (inviscid limit) , kinetic energy is conserved in the incompressible 
limit. Now consider independent Fourier modes (transverse to wavenumbers) as state variables ya{t). Lesieur [101] 
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Figure 8: Spectrum of energy, cross helicity, and magnetic helicity of absolute equilibrium state. Adopted from Stribling et al. 



has shown that these variables move in a constant energy surface, and the motion is area preserving hke in Liouville's 
theorem. Now we look for equilibrium probability-distribution function P{{ya}) for these state variables. Once we 
assume ergodicity, the ideal incompressible fluid turbulence can be mapped to equilibrium statistical mechanics [101]. 

By applying the usual arguments of equilibrium statistical mechanics we can deduce that at equihbrium, the 
probability distribution function will be 



where cr is a positive constant. The parameter a corresponds to inverse temperature in the Boltzmann distribution. 
Clearly 



independent of a. Hence energy spectrum C(k) is constant, and 1-d spectrum will be proportional to k'^~^ [101]. 
This is very different from Kolmogorov's spectrum for large Re turbulence. Hence, the physics of turbulence aX v = 
(inviscid) differs greatly from the physics at ;^ ^ 0. This is not surprising because (a) turbulence is a nonequihbrium 
process, and (b) Navier-Stokes equation is singular in i^. 

The equilibrium properties of inviscid MHD equations too has been obtained by mapping it to statistical equilibrium 
system (Frisch et al. [62], Stribling and Matthaeus [169]). Here additional complications arise due to the conservation 
of cross helicity and magnetic heHcity along with energy. Stribling and Matthaeus [169] provide us with the analytic 
and numerical energy spectra for the inviscid MHD turbulence. The algebra is straight forward, but somewhat 
involved. In Fig. 9 we illustrate their analytic prediction for the spectrum [169]. Clearly total energy and cross 
helicity appear to cascade to larger wavenumbers, and magnetic helicity is peaking at smaller wavenumbers. 

Even though nature of inviscid flow is very different from turbulent flow, Kraichnan and Chen [89] suggested that the 
tendency of the energy cascade in turbulent flow could be anticipated from the absolute equihbrium states. Suppose 
energy or helicity is injected in some intermediate range, and if the inviscid spectrum peaks at high wavenumber, 
then one may expect a direct cascade. On the contrary, if the inviscid spectrum peaks at smaller wavenumber, then 
we expect an inverse cascade. Frisch [62] and Stribhng and Matthaeus [169] have done detailed analysis, and shown 
that the energy and cross helicity may have forward cascade, and magnetic helicity may have an inverse cascade. 



[169]. 
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Figure 9: Cascade direction of energy He and magnetic helicity Hhm^^ MHD turbulence. 

Ting et al. [171] studied the absolute equilibrium states for 2D inviscid MHD. They concluded that energy peaks at 
larger wavenumbers compared to cross helicity and mean-square vector potential. Hence, energy is expected to have 
a forward cascade. This is a very interesting property because we can get reasonable information about 3D energy 
spectra and fluxes by doing 2D numerical simulation, which are much cheaper compared to 3D simulations. 

D. Spectrum of Magnetic Helicity and Cross Helicity 

As discussed in the previous subsection, absolute equilibrium states of MHD suggest a forward energy cascade for 
energy and cross helicity, and an inverse cascade for magnetic helicity (3D) or mean-square vector potential (2D). 
The forward energy cascade has already been discussed in subsection IV B. Here we will discuss the phenomenologies 
for the inverse cascade regime. 

The arguments are similar to the derivation of Kolmogorov's spectrum for fluid turbulence (Sec. IV A) . We postulate 
a constant negative flux of magnetic helicity Hhm lo''^ wavenumbers (see Fig. 9). Hence, the energy spectrum in 
this range will have the form 

E{k)r.\UH^\^k^. 
Simple dimensional matching yields x = 2/3 and tjj = —1. Hence 

E{k) ^ \UhJ'^' k-\ 

We will show later that the inverse cascade of magnetic helicity assists the growth of magnetic energy at large-scales, 
a process known as "dynamo". 

Using similar analysis for 2D MHD, Biskamp showed that 

E{k) \IIa2\'^' k-'/^ 

where 11^2 is the flux of mean-square vector potential. Note however that in 2D fluid turbulence, energy has inverse 
cascade, but enstrophy (Q = / |V x up/2) has forward cascade (Kraichnan [86]), and the energy spectrum is 

E{k) - tf/s/j-s/^ /c < fc/ 

Eik) - Hj/'A---^ A->fc/, 

where kf is the forcing wavenumber, and Hq is the enstrophy flux. 

E. Dynamic Alignment 



In a decaying turbulence, energy decreases with time. Researchers found that the evolution of other global quantities 
also have very interesting properties. Matthaeus et al. [114] studied the evolution of normalized cross helicity 2Hc/E 
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using numerical simulations and observed that it increases with time. In other words, cross helicity decays slower 
than energy. Matthaeus et al. termed this phenomena as dynamic alignment because higher normalized cross helicity 
corresponds to higher alignment of velocity and magnetic field. Pouquet et al. [151] also observed growth of normahzed 
cross helicity in their simulation. The argument of Matthaeus et al. [114] to explain this phenomena is as follows: 

In KID's model of MHD turbulence, the energy fluxes 11+ and n~ are equal (see Eq. [100]). Hence both and 
will get depleted at the same rate. If initial condition were such that > E~ , then E~^/E~ ratio will increase 
with time. Consequently ac = {E~^ — E~)/{E^ + E~) will also increase with time. 

However, recent development in the field show that Kolmogorov-like phenomenology (Marsch [110], Goldreich and 
Sridhar [69, 166], Vcrma [180]) models the dynamics of MHD turbulence better than KID's phenomenology. Keeping 
this in mind, we generaHze the arguments of Matthaeus et al. The rate of change of E^/E~is 



d E+ 
dtE^ 



1 



{E-y 



E-E+ - E+E- 



Clearly, E~^ /E will increase with time if 



E+ E+ e 
— > -— or - 
E- E- e 



+ E+ 



(110) 



using -E± = e±. If we assume E+/E- ~ E+{k)/E-{k), then Eq. (103) yields 



When E~^/E is not much greater than 1, /T+and K are probably very close. Hence, 



E- 



F > F 



Therefore, according to Eq. (110) E~^/E will increase with time in this limit. For the case E~^/E ^ 1, Verma 
[185] showed that 



1 

04' 



Since E~^/E~ ^ 1, E^ / E~ > e+/e~. Hence, growth of normalized cross helicity CTc is consistent with Kolmogorov-like 
model of MHD turbulence. 

The above arguments arc not applicable when the initial ac = 0. Numerically simulations show that Uc typically 
could deviate up to 0.1-0.15. Also, cross helicity is quite sensitive to phases of Fourier modes; we will discuss this 
phenomena in Section IV G. It would be interesting to study the evolution of cross helicity in the language of 
symmetry-breaking and its possible generalization to nonequilibrium situations. 



F. Selective Decay 

We saw in the previous section that the cross helicity {E~^ — E~) decays slower than energy (£J+ + E~). Let us 
look at it from the decay equation of global quantities: 

dE d f ^. ., ,. 



dt dt 
dHr d 



dt dt 
dHM 

dt 



J dr^iu^ + b'^) = -u J dT\\/xuf-r] j drf, 
j dru • B = - (i/ + 77) j drj • V X u 



where j represents the current density. Since the dissipation terms of Hm has lower power of spatial derivatives as 
compared to E, Hm will decay slower than E. The decay rate of He is slower because Hq can take both positive and 
negative values. Hence, H,. and Hm decay slower than E. This phenomena is called selective decay, first proposed by 
Matthaeus and Montgomery [115]. 
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Figure 10: Evolution of normalized cross helicity ctc for initial ctc = 0.1, ta = 0.5. The curves correspond to three different set 
of "phases" . Adopted from Dar et al. [43]. 

Several researchers argued that turbulence may relax to minimum energy state under the constraint of constant 
magnetic helicity Hm- This condition can be written as 




Variation with respect to A yields 

V X B - AB = 0. 

Variation with relative to u yields u = 0. The above equation imply that current j = V x B is parallel to B, 
therefore force j x B = 0. Hence, the minimum-energy state is a static force-free field. This result finds appHcation 
in reversed-field-pinch plasma. 

Slow decay or growth due to inverse cascade could produce coherent structure. This process is referred to as 
self-organization process. See Yanase et al. [194] for more detailed study of this phenomena. 

G. "Phase" Sensitivity of Global Quantities 

Let us consider the complex Fourier mode 2=*= (k) = Iz"^ (k)| exp {i9^). Clearly there are four independent variables. 
The |z+ (k)| and jz" (k)| fix E+ (k) and E' (k) respectively. Since = Re{z+ (k) • z"* (k)) cx (£:" - E''), 9+ - 0- 
together with (k)| fix E'^/E''. Hence, three global quantities {E^,E^) or {E'^,E'',Hc) are fixed by |z± (k)| and 
— 6~ , leaving the absolute value of 6*+ free. Dar et al. [43] studied the evolution of global quantities by varying 
the absolute value of initial phase 0+ while keeping 0+ — 6~ fixed. We term this as "phase". 

Dar et al. [43] performed DNS on 512^ grid. They performed one set of run (mhd) for random values oi O'^ keeping 
6*+ — d~ fixed (by choosing appropriate r^). In the second run (mhd*) they changed uniformly for all the modes 
by an amount A, and the third run (mhd**) the phase 9^ were shifted by a random amount. Dar et al. found that 
total energy and Alfven ratio do not depend on the shift of 6'+, however cross helicity depends quite sensitively on 
the shift, specially when ctc is small. This result is illustrated in Fig. 10. Dar et al.'s result is very surprising, and 
its consequences have not been studied in detail. This result raises the question on randomness of initial conditions, 
ergodicity etc. 

In this section we studied some of the basic phenomenological models of MHD turbulence. We will compare their 
predictions with the numerical results and solar wind observations. These are the topics of discussion of the next two 
sections. 
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Table IV: Typical Observational Data on the Solar Wind 



Quantity 


Corona Base 


1 AU 


Ion Density 




3-20 cm"^ 


Mean Velocity field 


300-800 km/s 


300-800 km/s 


Velocity fluctuations 


? 


10-20 km/s 


Mean magnetic field 


lOGauss 


(3 - 20) X 10-"Gauss 


Magnetic field fluctuations 


? 


(1 - 3) X 10-"Gauss 


Temperature 


10« 


10* - 10" 



V. SOLAR WIND: A TESTBED FOR MHD TURBULENCE 

Analytical results arc very rare in turbulence research because of complex nature of turbulence. Therefore, ex- 
periments and numerical simulations play very important role in turbulence research. In fluid turbulence, engineers 
have been able to obtain necessary information from experiments (e.g., wind tunnels), and successfully design com- 
plex machines like aeroplanes, spacecrafts etc. Unfortunately, terrestrial experiments exhibiting MHD turbulence are 
typically impossible because of large value of resistivity and viscosity of plasmas. For example, hydrogen plasma at 
temperature 10*K has resistivity approximately lO^cm^/s (see Table I). For a typical laboratory setup of size 10cm 
and velocity scale of 10cm/ s, magnetic Reynolds number will be 10~^, which is far from turbulent regime. On the 
other hand, astrophysical plasmas have large length and velocity scales, and are typically turbulent. They are a 
natural testbed for MHD turbulence theories. We have been able to make large set of measurements on nearest astro- 
physical plasma, the solar wind, using spacecrafts. The data obtained from these measurements have provided many 
interesting clues in understanding the physics of MHD turbulence. Direct or indirect measurements on planetary and 
solar atmosphere, galaxies etc. also provide us with useful data, and MHD turbulence is applied to understand these 
astrophysical objects; due to lack of space, we will not cover these astrophysical objects in our review. 

The Sun (or any typical star) spews out plasma, called solar wind. This was flrst predicted by Parker in 1958, and 
later observed by spacecrafts. The flow starts at the corona base and extends radially outward beyond the planetary 
system, and terminates at around 100 AU (1 AU = Earth's orbital radius~ 1.5x lO^fcm). Typical observational data for 
the solar wind and the corona base is given in Table IV [14]. The density of the wind decreases approximately as r~^. 
The mean mag netic field is largely polar in north-south direction, but spirals out in the equatorial plane. Typical Sound 
speed {Cs ~ ^/ksT /rap) is of the order of several hundred km/s. The density fluctuation 5p/ p w {u/CsY ~ 0.01, 
hence solar wind can be treated as incompressible fluid. 

The solar wind data has been analyzed by many scientists. For detafls the reader is referred to reviews by Goldstein 
et al. [70] and Tu and Marsch [175]. The Alfven ratio r^, which is the ratio of kinetic to magnetic energy, is dependent 
on heliocentric distance and length-scale. The average value of ta in the inertial range decreases from near 5 at 0.3 AU 
to near 0.5 at lAU and beyond [113, 154, 155]. The normahzed cross hehcity CTc, in general, decreases with increasing 
hehocentric distance, with asymptotic values near -|-1 (purely outward propagating Alfven waves) near 0.3 AU, and 
near by 8 AU or so [113, 154, 155]. See Fig. 11 for an iflustration. 

Now let is focus on energy spectrum and turbulent dissipation rates in the solar wind. Matthaeus and Goldstein 
[111] computed the exponent of the total energy and magnetic energy. They found the exponents to be 1.69 ± 0.08 
and 1.73 ± 0.08 respectively, somewhat closer to 5/3 than 3/2. Similar results were obtained by Marsch and Tu 
[111] for E^(k) and E^'^ik) at various heliocentric distances. Fig. 11 illustrates the energy spectra E^''^^^(k) of a 
typical solar wind stream. This is surprising because Bq y/kE^{k) for inertial range wavenumbers in the solar 
wind, and according to KID's phenomenology, the exponent should be 3/2 (see Section IV B). The phenomenological 
model of Matthaeus and Zhou, and Zhou and Matthaeus [118, 200] predicts that KID's phenomenology should hold 
when ^/kE^{k) <C Bo(high k), and Kolmogorov-like phenomenology should be to be applicable when -^/kE^Jk) ^ 
Bq{\ow k). We do not flnd any such break from 5/3 to 3/2 spectrum in the observed spectrum, thus ruling out 
phenomenological model of Matthaeus and Zhou, and Zhou and Matthaeus [118, 200]. 

The observational studies of Tu and Marsch [175] show that the spectral index for large cross helicity is also close to 
5/3. This is in contradiction to Grappin et al.'s predictions H"*"/!!^ w /m~ = (3 — m~)/(3 — m"*") [72, 73]. Hence 
the solar wind observations invalidate the phenomenology of Grappin et al. as well. On the whole, the solar wind 
data appears to indicate that Kolmogorov-like model (5/3) is applicable in MHD turbulence, even when the mean 
magnetic field is large as compared to the fiuctuations. As we wfll discuss in later sections, numerical simulations and 
analytic arguments also support this observation. 

As discussed above, the Alfven ratio (r/i =E^ /E^) is high (w 5) in the inner heliosphere, and it decreases to near 
0.5 at lAU. Similar evolution is seen in numerical simulations as wefl. In Section VIII B we wfll discuss a plausible 
argument why Alfven ratio evolves toward 1 or lower in decaying turbulence. 
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Figure 11: Energy spectra E^'"'''{k) of a typical solar wind stream. The normalized cross helicity Uc and Alfvfin ratio rA are 
also shown in the figure. Adopted from Tu and Marsch [174] 

Temperature of the solar wind decreases slower that adiabatic cooling, implying that solar wind is heated as it 
evolves. Some of the studied mechanism for heating are turbulence, shocks, neutral ions etc. Tu [173], Verma et 
al. [190], Mattliacus ct al. [117], A'orma [185], and others have estimated the turbulent dissipation rate in the solar 
wind from the observational data and modelling. They argued that turbulent heating can contribute significantly to 
heating of the solar wind. 

There arc interesting studies on coherent structures, compressibility, density spectrum etc. in the solar wind. Due 
to lack of space, we will not discuss them here and refer the readers to excellent reviews on solar wind [70, 175]. 

VI. NUMERICAL INVESTIGATION OF MHD TURBULENCE 

Like experiments, numerical simulations help us test existing models and theories, and inspire new one. In addition, 
numerical simulations can be performed for conditions which may be impossible in real experiments, and all the field 
components can be probed everywhere, and at all times. Recent exponential growth in computing power has fueled 
major growth in this area of research. Of course, numerical simulations have limitations as well. Even the best 
computers of today cannot resolve all the scales in a turbulent flow. We will investigate these issues in this section. 
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There are many numerical methods to simulate turbulence on a computer. Engineers have devised many clever 
schemes to simulate flows in complex geometries; however, their attention is typically at large scales. Physicists 
normally focus on intermediate and small scales in a simple geometry because these scales obey universal laws. Since 
nonlinear equations are generally quite sensitive, one needs to compute both the spatial and temporal derivatives as 
accurately as possible. It has been shown that spatial derivative could be computed "exactly" using Fourier transforms 
given enough resolutions [28]. Therefore, physicists typically choose spectral method to simulate turbulence. Note 
however that several researchers (for example, Brandenburg [23]) have used higher order flnite-difference scheme and 
have obtained comparable results. 



A. Numerical Solution of MHD Equations using Pseudo-Spectral Method 

In this subsection we will briefly sketch the spectral method for 3D flows. For details refer to Canuto et al. [28]. 
The MHD equations in Fourier space is written as 

^^^^ = ±i (Bo • k) z± (k, t) - ikp (k, t) - FT [z=F (k, t) ■ Vz± (k, t)] 
-z/±)fc^z± (k, t) - i/^fc^z^ (k, t) + f=^(k, t), 

where FT stands for Fourier transform, and f^(k, are forcing functions. The flow is assumed to be incompressible, 
i. e., k • z='= (k, t) = 0. We assume periodic boundary condition with real-space box size as {2tt) x {2tt) x (27r), and 
Fourier-space box size as {nx,ny,nz). The allowed wavenumbers are k = {kx,ky,kz) with k^ = {—n.j;/2 : n.j;/2),ky = 
{—ny/2 : ny/2),kz = {—nz/2 : 71^/2). The reality condition implies that z='= (— k) = z='=* (k), therefore, we need 
to consider only half of the modes [28]. Typically we take {—nx/2 : nx/2,—ny/2 : ny/2, : nz/2), hence, we have 
N = Hx* Tiy * {nz/2 + 1) coupled ordinary differential equations. The objective is to solve for the fleld variables at a 
later time given initial conditions. The following important issues are involved in this method: 

1. The MHD equations are converted to nondimensionalized form, and then solved numerically. The parameter u 
is inverse Reynold's number. Hence, for turbulent flows, f is chosen to be quite small (typically 10~^ or 10~^). 
In Section IV A we deduced using Kolmogorov's phenomenology that the number of active modes are 

If we choose a moderate Reynolds number = 10^, N will be 10^, which is a very large number even for 
the most powerful supercomputers. To overcome this difficulty, researchers apply some tricks; the most popular 
among them are introduction of hyperviscosity and hyperresistivity, and large-eddy simulations. Hyperviscous 
(hyperresistive) terms are of the form (uj ,rjj)k^^ z"^ (k) with j > 2; these terms become active only at large 
wavenumbers, and are expected not to affect the inertial range physics, which is of interest to us. Because of 
this property, the usage of hyperviscosity and hyperresistivity has become very popular in turbulence simulations. 
Large-eddy simulations will be discussed in Section XII of this paper. Just to note, one of the highest resolution 
fluid turbulence simulation is by Gotoh [71] on a 4096^ grid; this simulation was done on Fujitsu VPP5000/56 
with 32 processors with 8 Gigabytes of RAM on each processor, and it took 500 hours of computer time. 

2. The computation of the nonlinear terms is the most expensive part of turbulence simulation. A naive calculation 
involving convolution will take 0{N^) floating point operations. It is instead efficiently computed using Fast 
Fourier Transform (FFT) as follows: 

(a) Compute (x) from (k) using Inverse FFT. 

(b) Compute zf{x)z^{x) in real space by multiplying the fields at each space points. 

(c) Compute FFT[zf{x)zf{x)] using FFT. 

(d) Compute ikjFFT[z^{Ti)z^{'x)] by multiplying by kj and summing over all j. This vector is 
-FFTlz"^ (k,t)- Vz± (k,t)]. 

Since FFT takes 0{N\ogN), the above method is quite efficient. The multiphcation is done in real space, 
therefore this method is called pseudo-spectral method instead of just spectral method. 

3. Products z^ {x)z^{'x) produce modes with wavenumbers larger than kmax- On FFT, these modes get aliased 
with k < kmax and wih provide incorrect value for the convolution. To overcome this difficulty, last 1/3 modes 
of fields zf(k) arc set to zero (zero padding), and then FFTs are performed. This scheme is called 2/3 rule. For 
details refer to Canuto et al. [28]. 
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4. Pressure is computed by taking the dot product of MHD equation with k. Using incompressibility condition 
one obtains 

p(k,t) = i^-FT [z^ (k,t).Vz± (k,t)]. 

To compute p(k) we use already computed nonlinear term. 

5. Once the right-hand side of the MHD equation could be computed, we could time advance the equation using one 
of the standard techniques. The viscous terms are advanced using an implicit method called Crank-Nicholson's 
scheme. However, the nonhnear terms are advanced using Adam-Bashforth or Runge-Kutta scheme. One uses 
either second or third order scheme. Choice ofdt is determined by CFL criteria {dt < {Ax)/Urms)- By repeated 
application of time-advancing, we can reach the desired final time. 

6. The MHD turbulence equations can be solved either using or (u, b). The usage of z^ turns out to be more 
efficient because tlicy involve less number of FFT operations. 

7. When forcing f='= = 0, the total energy gets dissipated due to viscosity and resistivity. This is called decaying 
simulation. On the contrary, forced simulation have nonzero forcing (f ^ 0), which feed energy into the 
system, and the system typically reaches a steady-state in several eddy turnover time. Forcing in astrophysical 
and terrestrial systems are typically at large-scale eddies (shocks, explosions etc.). Therefore, in forced MHD 
equations f" is typically applied at small wavenumbers, which could feed both kinetic energy and kinetic helicity. 
For details refer to Brandenburg [22]. 

Spectral method has several disadvantages as well. This method can not be easily applied to nonperiodic flows. That 
is the reason why engineers hardly use spectral method. Note however that even in aperiodic flows with complex 
boundaries, the flows at small length-scale can be quite homogeneous, and can be simulated using spectral method. 
Spectral simulations are very popular among physicists who try to probe universal features of small-scale turbulent 
flows. Since the MHD equations are solved directly (without any modehng), this method is cafled Direct Numerical 
Simulation (DNS). 

Many researchers have done spectral simulation of MHD turbulence. In this section we will mention some of the 
main results concerning energy spectra and cascade rates. Numerical results on dynamo and intermittency will be 
discussed later in this paper. Some numerical results on the evolution of global quantities (e. g., dynamic ahgnment 
by Matthaeus et al. [114]) were discussed were discussed in Section IV, and they will not be repeated here. 



B. Numerical Results on Energy Spectra (3/2 or 5/3) 

In Sec. IV we discussed various MHD turbulence plienomenologies, which predict the exponents to be 3/2, or 5/3, or 
mix of both. Grappin et al. [73] predicted the exponents to be cross helicity dependent; for smafl Uc, m"*" « m~ « 3/2, 
but for large CTc, m"*" — > 3, and m~ — > 0. Many researchers tried to test these predictions numericafly. 

One-dimensional energy spectrum E{k) is computed by summing over all the modes in the shell {k — 1/2 : k + 1/2), 
i.e., 

fe-l/2<|s|<fe+l/2 

where X = u, b,z^. The Energy spectrum is computed for both decaying or forced simulations. In the final state 
(after 2-10 eddy turnover time), Alfven ratio is typically found to be close to 1/2. Most of the MHD turbulence 
simulations have been done for zero cross helicity; for these cases, normalized cross helicity typically fluctuates in the 
range of —0.1 to 0.1. 

Most of the high resolution simulations till early 1990s were done in 2D due to lack of computing resources. Biskamp 
and Welter [18] performed numerical studies of 2D MHD turbulence on grid up to 1024^ under small cross helicity 
limit. They reported the spectral index to be close to 3/2 in agreement with the models of Kraichnan, Iroshnikov, 
and Dobrowolny et al. (KID), with a caveat that the exponents may be close to 5/3 in transition states, in which 
turbulence is concentrated in regions of weak magnetic field. In summary, the numerical simulations till early 1990s 
supported 3/2 spectral index. Note that according to absolute equilibrium theory, 2D and 3D are expected to have 
the same energy spectra. So we can test the turbulence models in 2D as well. 

Since 5/3 and 3/2 are very close, there is a practical difficulty in resolving the spectral index. They can be resolved 
with certainty only in a high-resolution simulations. Verma [178], and Verma et al. [191] approached this problem 
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Figure 12: E^{k)k°' vs. k (left panel) and n^(fe) vs. k (right panel) for 2D runs with (a) Bo = and initial ac = 0.0, and 
(b) Bo = 1.0 and initial Uc = 0.9. In the left panel the solid (-B"*") and dashed line {E~) correspond to a = 5/3, and chained 
(-E"*") and dotted {E~) correspond to a = 3/2. In the right panel solid and chained lines represent respectively, while the 
dashed and dotted lines represent dissipation rate and the energy loss in the sphere of radius k. The numerical results favour 
Kolmogorov's phenomenology over KID's phenomenology. Adopted from Verma et al. [191]. 



indirectly. They tested the energy cascade rates 11='= for nonzero cross hehcity in 512^ DNS. Recall that KID's model 
(3/2) predicts 11+ = 11" (Eq. [100]) independent of E~^/E~ ratio, while Kolniogorov-like theories (5/3) predict (Eq. 
[103]) 

E-{k) _K- fU 



E+{k) K+ Vn+ 

Verma [178] and Verma et al. [191] computed both energy spectra and cascade rates; their plots of the energy spectra 
and fluxes are reproduced in Fig. 12. 

Regarding spectral indices, no particular claim could be made because the numerically computed indices were within 
the error bars of both 3/2 and 5/3. However, the study of energjf fluxes showed that underlying turbulent dynamics 
is closer to Kolmogorov-like. The energy flux of majority species (larger of i?+and , here taken to be E^) was 
always greater that that of minority species, even in situations where zfi^^ Bq. When we look at the values of 
cascade rates more closely (see Table 1 of Verma et al. [191]), wc flnd that , 



E-{k) /n 



E+{k) \U+ 



(111) 
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Figure 13: Plot of normalized energy spectrum compensated by fe^'^^for a 3D MHD simulation on 512^ grid. Flatness of the 
plot indicates that Kolmogorov's 5/3 index fits better than 3/2 (dashed line). Adopted from Biskamp and Miiller [15]. 

for initial CTc = 0.25. However, for initial cTc = 0.9, they were off by a factor of 10. The Eq. (Ill) assumes = K~, 
which is not a valid assumption for large Uc- Vcrma [185] has shown that depend on CTc, and the factor of / 
is of the order of 4. With this input, the numerical results come closer to the analytical results, but the agreement is 
still poor. This indicates that physics at large cross helicity (Alfvenic turbulence) is still unresolved. 

The above numerical results imply that the relevant time scale for MHD turbulence is nonlinear time-scale (fcz^)~^, 
not the Alfven time-scale {kBo)~^. Verma's [178] and Verma et al.'s [191] provided one of the first numerical evidence 
that Kolmogorov's scaling is preferred over KID's 3/2 scaling in MHD turbulence. 

High resolution three-dimensional simulations soon became possible due to availability of powerful computers. 
Miiller and Biskamp [133], and Biskamp and Miiller [15] performed 512'' DNS with both normal and liypcrdiffusive 
terms. They showed that the energy spectrum follows a law, steeper than k~^/'^ as previously thought (see Fig. 

13). The runs with hyperdiffusivity had a bump at large wavenumbers. The Kolmogorov's constant was found to be 
2.3. The range of 5/3 powerlaw is close to 1 decade. Numerical results of Cho [33], Cho et al. [36], and others are 
consistent with Kolmogorov's scaling. 

Biskamp and Miiller also computed the intermittency exponents and showed that they are consistent with Kol- 
mogorov scaling and sheet-like dissipative structure. We will discuss these issues later in this paper. 

Biskamp and Schwarz [16] performed DNS on two-dimensional MHD turbulence on grids of 2048^ to 8192^. They 
claimed that the energy spectrum agrees with KID's law (3/2), contrary to 3D case. They have also computed the 
structure functions, and reported a strong anomalous bottleneck effect. Note that Biskamp and Schwarz's results 
contradicts Verma et al.'s [191] results, where the energy fluxes follow Kolmogorov's predictions. This issue needs 
a closer look. It is possible that the dynamics is Kolmogorov-like, but they are strongly modified by intermittency 
effects. Refer to Verma et al. [189], Biskamp [13], and Section XI for further details. 



C. Numerical Results on Anisotropic Energy Spectra 



Shebalin et al. [161] performed DNS in 2D and studied the anisotropy resulting from the application of a mean 
magnetic field. They quantified anisotropy using the angle 6q defined by 



tan^ 9q 



EfcilQ(k,^)r 
Efc^lQ(k,t)|' 



where Q represents any one of the vector fields like u, b, V x u etc. They found turbulence to be anisotropic. Later 
Oughton et al. [142] carried out the anisotropic studies in 3D. They found that with the increase of Bq, anisotropy 
increases up to Bq ~ 3, then it saturated. They also found that anisotropy increases with increasing mechanical 
and magnetic Reynolds numbers, and also with increasing wavenumbers. Bq also tended to suppress energy cascade. 
Matthaeus et al. [116] numerically show that the anisotropy scales linearly with the ratio of fiuctuating to total 
magnetic field strength. 

Cho et al. [35, 37] performed 3D DNS and studied anisotropic spectrum. They found that anisotropy of eddies 
depended on their size: along "local" magnetic field lines, the smaller eddies are more elongated than the larger ones. 
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Figure 14: Cho et al. [35] compared the velocity correlation function from simulation (top panel) with the predictions of 
Goldreich and Sridhar's theory (bottom panel). The results are in very good agreement. Adopted from Cho et al. [35]. 



See Fig. 14 for an illustration of numerically computed velocity correlation function. The numerical value matched 
quite closely with the predictions of Goldreich and Sridhar [69] . Their result was also consistent with the scaling law 
fell ~ k'^'^ proposed by Goldreich and Sridhar [69]. Here A:j| and k± are the wavenumbers measured relative to the 
local magnetic field direction. The "local" magnetic field is in the same spirit as the "effective" mean magnetic field of 
Verma [180]. 

Maron and Goldreich [109] performed a detailed DNS of MHD turbulence. Their grid size ranged from (64^ x 256) 
to (256^ X 512). They numerical results are in general agreement with the Goldreich and Sridhar prediction fc|[ fc^^"^. 
However, their ID spectral index was closer to 3/2 than 5/3, contrary to Cho et al. 's [35, 37] numerical results that 
E{k±) (X k~^^^. 

After a review of energy spectra in MHD turbulence, we now turn to studies on energy fluxes in MHD turbulence. 



D. Numerical Results on Energy Fluxes 

Computation of energy fluxes using DNS has done by Verma et al. [191], Dar et al. [45], and Ishizawa and Hattori 
[78, 79] (using wavelet basis). Verma et al. numerically computed H^, while Dar et al., and Ishizawa and Hattori 
computed various fluxes n^< {X, Y = u,b) in 2D MHD turbulence. 

Dar et al. performed numerical DNS on a 512^ grid with random kinetic forcing over a wavenumber annulus 
4 < fc < 5. Theoretically, the magnetic energy in two-dimensional MHD decays in the long run even with steady 
kinetic energy forcing [197]. However, we flnd that the magnetic energy remains steady for sufficiently long time 
before it starts to decay. For 128^ simulation, the decay of magnetic energy starts only after f = 25 — 30 time units, 
and for 512^, the decay starts much later. We compute the energy fluxes in this quasi steady-state. In the quasi 
steady-state, the Alfven ratio fluctuates between 0.4 and 0.56, and the normalized Cross helicity CTc approximately 
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Figure 15: The plots of various energy fluxes in 2D-MHD versus wavenumber for a 512^ simulation. Adopted from Dar et al. 
[45]. 



equal to 0.1. They found however that a variation of ctc does not change the behaviour of flux appreciably. 

We illustrate the flux computation using an example. The flux nj^^(A;o), which is energy flux from inside of u-sphere 
of radius fco, to outside of 6-sphere of radius ko, is 



|k'|<ko |p|<feo 



Now we deflne two "truncated" variables and as 

U<(k) : 

and 

b>(p) : 

Eq. (112) written in terms of u< and reads as 

Efci6r(k)E''i(k-PK<(p) 



u(k) if |k| < ko 
if |k| > fco 



if IpI < K 

b(p) if IpI > K 



L k 



(112) 



(113) 



(114) 



(115) 



The p summation in the above equation is a convolution, which is computed using FFT. After FFT, k sum is 
performed. We compute energy flux this way. Ishizawa and Hattori [78, 79] used Meyor wavelets as basis vectors and 
have computed the energy fluxes. Their approach is very similar to that of Dar et al. 

The energy fluxes as a function of wavenumber spheres are plotted in Fig. 15. The inertial range 20 < A; < 50 can 
be deduced from the approximate constancy of the energy fluxes. In Fig. 16 we schematically illustrate the numerical 
values of fluxes for k = 20, a wavenumber within the inertial range. The main conclusions of Dar et al.'s calculation 
are as follows: 

1. The sources for the large-scale magnetic field are large-scale velocity field (n|^< ) and the small-scale velocity 
field (n^>). The former transfer is of a greater magnitude than the latter, hence the magnetic field enhancement 
is primarily caused by a transfer from the w-sphere to the 6-sphere. Indeed the first few 6-modes get most of 
this energy. 

2. Energy from the large-scale velocity field gets transferred to the small-scale magnetic field (11^^). The small-scale 
magnetic field transfers energy to the small-scale velocity field (11^^). 
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Figure 16: A schematic illustration of the numerically evaluated values of the fluxes averaged over 15 time units. The values 
shown here are for k = 20, a wavenumber within the inertial range. Taken from Dar et al. [45] 

3. Small-scale velocity field transfers energy to large-scale velocity as well as magnetic field. Hence, there is an 
inverse cascade of kinetic energy. This result is consistent with the EDQNM closure calculations [78, 148]. 

4. There is a forward cascade of magnetic energy toward the small scales. EDQNM closure calculations also yield 
a magnetic energy transfer to the small-scales [78]. 

Ishizawa and Hattori [78, 79] obtained very similar results in their DNS using wavelet basis. 

We have performed a preliminary 3D simulation on 512^ grid size and calculated the energy fluxes [46]. Ours was 
a decaying simulation in which Alfven ratio saturated near 0.4. The energy fluxes at A; = 11, one of the inertial range 
wavenumbers, is shown in Fig. 17. All the outgoing fluxes are positive, but 11"^ is negative for ta < 0.6. These are 
in qualitative agreement with Verma's analytic results [185, 186], which will be discussed in Section VHI. 

Haugen et al. [75] have computed the dissipation rates of kinetic and magnetic energies. They flnd that for 
E^/E'' w 0.5, e"/n = (n^< + Ili<)/n « 0.3, and eVn = (n^< -I- n*<)/n « 0.7 (see Figures 11 and 12 of Haugen et 
al. [75]). Note however that Haugen et al. 's schematics of energy fluxes are missing and H^^. We will compare 
Haugen et al.'s numerical values with theoretical predictions in Section VHI A 1. 

There are major differences between the energy fluxes in 2D and 3D MHD turbulence. Primarily, for ta < 0.6, 
n"< < in 3D MHD but is positive in 2D MHD. Also, U^^ and are positive in 3D, but are negative in 2D 
MHD. In Section VHI we wfll compare 3D numerical results with their analytical counterparts. Unfortunately, we do 
not have analytical results for 2D MHD turbulence. 

The energy fluxes give us information about the overall energy transfer from inside/outside u/6-sphere to in- 
side/outside u/b-sphere. To obtain a more detailed account of the energy transfer, Dar et al. [45] also studied energy 
exchange between the wavenumber shells; Ishizawa and Hattori [78, 79] performed the same studies using wavelet 
basis. 



E. Shell-to-Shell energy Transfer-rates in MHD Turbulence 

Dar et al. [45] partitioned the k-space into shefls with boundaries at wavenumbers k„{n = 1,2,3....) = 
1,16, 19.02, 22.62,. ..,2("+")/4^ and computed the shell-to-sheU energy transfer rates T^^ defined by Eq. (84). The 
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Figure 17: Values of inertial-range energy fluxes at difFerent time in a 512^ decaying 3D-MHD turbulence simulation. Note the 
change in sign for some of the fluxes near va = 0.6. 

results are shown in Fig. 18. 

The main conclusions of Dar et al. are as follows: 

1. The energy fluxes are virtually independent of the individual values of m and n, but only dependent on 
their differences. Hence, the transfer rates in the inertial range are self-similar. 

2. is positive for n > m, and negative for n < m, and maximum for n = m + 1. Hence magnetic to magnetic 
energy transfer is forward and local. 

3. The most dominant T^^ is from (m — l)-th shell to m-th shell and m-th shell to (n = m + l)-th shell, thus u-u 
energy transfer to the nearest shell is forward. However, is negative for n > m + 3, which may contribute to 
the inverse cascade of kinetic energy. This result is consistent with analytic results on 2D shell-to-shell energy 
transfers in fluid turbulence (see Appendix D). There are signiflcant energy transfers from inertial wavenumbers 
to small wavenumbers (nonlocal) , which will also contribute to the inverse cascade of energy. 

4. T^J^ is positive for all n, except for n ~ m~l and m, implying that n-th u shell loses energy to all but nth and 
(n — l)th 6-shell. However, energy gained from these two shells is larger than the total loss. Consequently there 
is a net gain of energy by w-shells in the inertial range. 

5. is positive implying that the flrst 6-shell gains energy from the inertial range zt-shells through a nonlocal 
transfer. 

6. T,j" is positive implying that the flrst u-shell loses energy to the inertial range 6— shells through a nonlocal 
transfer. 

All the above results are schematically illustrated in Fig. 18(d). 

The above results on shell-to-shell energy transfers provide us with important insights into the dynamics of MHD 
turbulence. Unfortunately, we do not have enough results on shell-to-shell energy transfer in 3D. 

In this section we described the methodology of spectral method and some important results on energy spectra, 
fluxes, and shell-to-shell transfers. In Section XII we will also present large-eddy simulation (LES), which enables 
us to perform turbulence simulations on smaller grids. In the next three sections we will describe the fleld-theoretic 
calculation of renormalized viscosity and resistivity, energy fluxes, and shell-to-shell energy transfer rates. 



VII. RENORMALIZATION GROUP ANALYSIS OF MHD TURBULENCE 



In Section IV we discussed various existing MHD turbulence models. Till early 1990s, KID's model (3/2 spectral 
index) used be the accepted model of MHD turbulence. However, solar wind observations and numerical results in 
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Figure 18: Shell-to-shell energy transfer Tnm- Tn'in.Tnm (in order) for Dar et al.'s 512^ run. They are schematically illustrated 
in the last diagram. Adopted from Dar et al. [45]. 



the last decade are in better agreement with the predictions of Kolmogorov-like models (5/3 spectral index). In this 
and the next two sections we will present computation of energy spectrum and energy cascade rates starting from the 
MHD equations using field-theoretic techniques. In this section we will present some of the important renormalization 
group calculations appHed to MHD turbulence. Most recent RG calculations favour 5/3 spectral index for energy 
spectrum. 

Field theory is well developed, and has been applied to many areas of physics, e.g.. Quantum Electrodynamics, 
Condensed Matter Physics etc. In this theory, the equations are expanded perturbatively in terms of nonlinear term, 
which are considered small. In fluid turbulence the nonlinear term is not small; the ratio of nonlinear to linear (viscous) 
term is Reynolds numbers, which is large in turbulence regime. However in MHD turbulence, when Bq ^ z^, the 
nonlinear term is small compared to the linear (Alfven propagation term Bq • Vz^) term. This is the weak turbulence 
limit, and the perturbative expansion makes sense here. On the other hand when 3> Bq (the strong turbulence 
limit), the nonhnear term is not small, and the perturbative expansion is questionable. This problem appears in 
many areas of physics including Quantum Chromodynamics (QCD), Strongly Correlated Systems, Quantum Gravity 
etc., and is largely unsolved. Several interesting methods. Direct Interaction Approximation, Renormalization Groups 
(RG), Eddy-damped quasi-normal Markovian approximations, have been attempted in turbulence. We discuss some 
of them below. 

A simple-minded calculation of Green's function shows divergence at small wavenumbers (infrared divergence). One 
way to solve problem is by introducing an infrared cutoff for the integral. The reader is referred to Leslie [102] for 
details. RG technique, to be described below, is a systematic procedure to cure this problem. 
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A. Renormalization Groups in Turbulence 

Renormalization Group Theory (RG) is a technique which is applied to complex problems involving many length 
scales. Many researchers have applied RG to fluid and MHD turbulence. Over the years, several different RG 
applications for turbulence has been discovered. Broadly speaking, they fah in three different categories: 

Yakhot-Orszag (YO) Perturbative approach 

Yakhot and Orszag's [193] work, motivated by Forster et al. [54] and Fournicr and Friscli [56], is the first compre- 
hensive application of RG to turbulence. It is based on Wilson's shell-elimination procedure. Also refer to Smith and 
Woodruff [164] for details. Here the renormalized parameter is function of forcing noise spectrum D{k) = Dok~^ . It 
is shown that the local Reynolds number A is 

z/3(A)A^' 

where Ao is the expansion parameter, A is the cutoff wavenumber, and e = i+y—d [193]. It is found that z/(A) increases 
as A decreases, therefore, A remains small (may not be less that one though) compared to Re as the wavenumber 
shells are eliminated. Hence, the "effective" expansion parameter is small even when the Reynolds number may be 
large. 

The RG analysis of Yakhot and Orszag [193] yielded Kolmogorov's constant Kko = 1.617, turbulent Prandtl number 
for high-Reynolds-number heat transfer Pi = 0.7179, Batchelor constant Ba = 1.161 etc. These numbers are quite 
close to the experimental results. Hence, Yakhot and Orszag's method appears to be highly successful. However there 
are several criticisms to the YO scheme. Kolmogorov's spectrum results in the YO scheme for e = 4, far away from 
e = 0, hence epsilon-expansion is questionable. YO proposed that higher order nonlinearities are "irrelevant" in the 
RG sense for e = 0, and are marginal when e = 4. Eyink [51] objected to this claim and demonstrated that the higher 
order nonlinearities are marginal regardless of e. Kraichnan [88] compared YO's procedure with Kraichnan's Direct 
Interaction Approximation [84] and raised certain objections regarding distant-interaction in YO scheme. For details 
refer to Zhou et al. [201] and Smith and Woodruff [164]. 

There are several RG calculations applied to MHD turbulence based on YO procedure. These calculations will be 
described in Section VII E. 



Self- consistent approach of McComb and Zhou 

This is one of the nonperturbative method, which is often used in Quantum Field theory. In this method, a self- 
consistent equation of the fuh propagator is written in terms of itself and the proper vertex part. The equation may 
contain many (possibly infinite) terms, but it is truncated at some order. Then the equation is solved iteratively. Mc- 
Comb [120], Zhou and coworkers [203] have applied this scheme to fiuid turbulence, and have calculated renormalized 
viscosity and Kolmogorov's constant successfully. Direct Interaction Approximation of Kraichnan is quite similar to 
self-consistent theory (Smith and Woodruff [164]). 

The difficulty with this method is that it is not rigorous. In McComb and Zhou's procedures, the vertex correction 
is not taken into account. Verma [180-182] has applied the self-consistent theory to MHD turbulence. 

Callan-Symanzik Equation for Thirhulence 

DeDominicis and Martin [47] and Teodorovich [170] obtained the RG equation using functional integral. Teodorovich 
obtained Kko = 2.447, which is in worse agreement with the experimental data, though it is not too far away. 

It has been shown that Wilson's shell renormalization and RG through Callan-Symanzik equation are equivalent 
procedure. However, careful comparison of RG schemes in turbulence is not completely worked out. 

The renormalization of viscosity, resistivity, and "mean magnetic field" will be discussed below. The self-consistent 
approach will be discussed at somewhat greater length because it is one of the most recent and exhaustive work. 
After renormalization, in Section VIII we will discuss the computation of energy fluxes in MHD turbulence. These 
calculations are done using self-consistent fleld theory, a scheme very similar to DIA. At the end we will describe 
Eddy-damped quasi-normal Markovian approximation, which is very similar to the energy flux calculation. 
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Figure 19: The wavenumber shells to be averaged during renormalization procedure, (a) In "mean magnetic field" renormaliza- 
tion, averaging starts from small wavenumber, first shell being (fco,fei). (b) In viscosity and resistivity, averaging starts from 
large wavenumbers. 



The field theorists have been using renormahzation techniques since 1940s. However, the physical meaning of renor- 
malization became clear after path-breaking work of Wilson [192]. Here renormalization is a variation of parameters 
as we go from one length scale to the next. Following Wilson, rcnormalized viscosity and resistivity can also be 
interpreted as scale-dependent parameters. We coarse-grain the physical space and look for an effective theory at 
a larger scale. In this method, we sum up all the interactions at smaller scales, and as a outcome we obtain terms 
that can be treated as a correction to viscosity and resistivity. The corrected viscosity and resistivity are called 
"effective" or renormalized dissipative parameters. This procedure of coarse graining is also called shell elimination 
in wavenumber space. We carry on with this averaging process till we reach inertial range. In the inertial range the 
"effective" or renormahzed parameters follow a universal powerlaw, e. g., renormalized viscosity oc Z^/^. This is 
the renormalization procedure in turbulence. Note that the renormalized parameters are independent of microscopic 
viscosity or resistivity. 

In viscosity and resistivity renormalization the large wavenumber shells are eliminated, and the interaction involving 
these shells are summed. Hence, we move from larger wavenumbers to smaller wavenumbers. However, it is also 
possible to go from smaller wavenumbers to larger wavenumber by summing the smaller wavenumber shells. This 
process is not coarse-graining, but it is a perfectly valid RG procedure, and is useful when the small wavenumber 
modes (large length scales) are hnear. This scheme is followed in Quantum Electrodynamics (QED), where the 
electromagnetic field is negligible at a large distance (smah wavenumbers) from a charge particle, while the field 
becomes nonzero at short distances (large wavenumber). In QED, the charge of a particle gets renormalized when we 
come closer to the charge particle, i. e., from smaller wavenumbers to larger wavenumbers. In MHD too, the large-scale 
Alfven modes are linear, hence we can apply RG procedure from smaller wavenumbers to larger wavenumbers. Verma 
[180] has precisely done this to compute the "effective or renormahzed mean magnetic field" in MHD turbulence. See 
Fig. 19 for an illustration of wavenumber shells to be averaged. 



B. Physical Meaning of Renormalization in Turbulence 



C. 



"Mean Magnetic Field" Renormalization in MHD Turbulence 



In this subsection we describe the self-consistent RG procedure of Verma [180], which is similar to that used by 
McComb [119], McComb and Shanmugsundaram [124], McComb and Watt [125], and Zhou et al. [203] for fiuid 
turbulence. However, one major difference between the two is that Verma [180] integrates the smah wavenumber 
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modes instead of integrating the large wavcnumbcr modes, as done by earlier authors. At small wavenumbers the 
MHD equations are linear in Bq, the mean magnetic field. Verma applied RG procedure to compute the renormalized 
mean magnetic field. 

The basic idea of the calculation is that the effective mean magnetic field is the magnetic field of the next-largest 
eddy (local field), contrary to the KID's phenomenology where the effective mean magnetic field at any scale is a 
constant. This argument is based on a physical intuition that the scattering of the Alfven waves at a wavenumber k 
is effected by the magnetic field of the next-largest eddy, rather than the external magnetic field. The mean magnetic 
field at the largest scale will simply convect the waves, whereas the local inhomogeneities contribute to the scattering 
of waves which leads to turbulence (note that in WKB method, the local inhomogencity of the medium determines 
the amplitude and the phase evolution). The calculation shows that E{k) oc and the mean magnetic field 

Bo{k) oc are the self-consistent solutions of the RG equations. Thus Bq appearing in KID's phenomenology 

should be /c-dependent. 

Verma made one drastic assumption that the mean magnetic field at large-scales arc randomly oriented. This 
assumption simplifies the calculation tremendously because the problem remains isotropic. Physically, the above 
assumption may be approximately vahd several scales below the largest length scale. Now, Verma's procedure follows. 

The MHD equations in the Fourier space is (see Eq. [32]) 



{-iuj T i (Bo • k)) zf{k) = -iMijmi^) j dpzf{p)z^{k - p) 



where 



-^ijm(k) — kjPi'mi}^] -Pim(k) — <5j^ 



kikra 



(116) 



(117) 



and k = (k, w). We ignore the viscous terms because they are effective at large wavenumbers. We take the mean 
magnetic field Bq to be random. Hence, 



{^-iLo + E(o)) 



-{k) 



iMijmii!-) / dk 



{p)z+{k -p) 



with the self-energy matrix S(o) given by 



S(o) = 



-ikBo 
ikBo 



We logarithmically divide the wavenumber range {ko,kN) into shells. The nth shell is (A:„_i,/c„) where kn = 
s"ko{s > 1). The modes in the first few shells will be the energy containing eddies that will force the turbulence. For 
keeping our calculation procedure simple, we assume that the external forcing maintains the energy of the first few- 
shells to the initial values. The modes in the first few shells are assumed to be random with a gaussian distribution 
with zero mean (sec Items 3 and 4 below). 

First we eliminate the first shell {ko,ki), and then obtain the modified the MHD equations. Subsequently higher 
wavenumber shells are ehminated, and a general expression for the modified MHD equations after elimination of nth 
shell is obtained. The details of each step are as follows: 



1. We decompose the modes into the modes to be ehminated (fc^) and the modes to be retained {k^). In the first 
iteration (fco, ki) = k^ and (fci, fcjv) = k^ . Note that Bo{k) is the mean magnetic field before the elimination of 
the first shell. 



2. We rewrite the Eq. (32) for k^ and fc^. The equations for zf^{k) modes are 



{-iu;Ti{Bok))zt>{k) = -iMijmO^) / dk zf>{p)zt,>{k - p) 



+ 



zj>{p)z^<{k-p) + zj<{p)zt,>{k-p) 



{p)zt,<{k-p) 



(118) 



while the equation for z^ (k,t) modes can be obtained by interchanging < and > in the above equation. 
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The terms given in the second and third brackets in the RHS of Eq. (118) are calculated perturbatively. The 
details of the perturbation expansion is given in Appendix B. We perform ensemble average over the first shell, 
which is to be eliminated. We assume that zf'^{k) has a gaussian distribution with zero mean. Hence, 



(fe) 







ik) 



(119) 



and 



(z^mz'^m = Psmip)C"'ip)5 {p + q) 



(120) 



where a, 6 = ± or =F. Also, the triple order correlations (^z"''''^ (k) z^-''^ (p) z^-''^ {q)J are zero due to the Gaussian 

nature of the fluctuations. The experiments show that gaussian approximation for z^'^{k) is not quite correct, 
however it is a good approximation (refer to Sections XI). A popular method called EDQNM calculation also 
makes this assumption (see Sections VIII C). 

As shown in Appendix B, to first order in perturbation, the second bracketed term of Eq. (118) vanishes except 

the terms of the type (^z'^-''^ {k)Zg'''^ {p)Zg'''^ (k)'^ (called triple nonlinearity) . Verma ignored this term. The 

effects of triple nonhnearity can be included using the procedure of Zhou and Vahala [203], but they are expected 
to be of higher order. For averaging, we also hypothesize that 

{z>z<z<) = z>{z<z<), 

which cannot be strictly correct. This is one of the major assumption of RG procedure [201]. After performing 
the perturbation we find that the third bracketed term of Eq. (118) is nonzero, and yields corrections ^S(o)to 
the self energy S(o): 



-ico + E(o) + ST, 



■,+> 
-> 



z-'{k) 



(k) 



iMijmOi) / dk 



I- 



Zj ip)Zm^{k-p) 

zt>{p)z->{k-p) 



with 



"^(0) 



dp[Sr {k, p, q)G++ {p)C^^:; [q) + S2 (fc, p, q)G+-^ {^)C^o) (?) 



p+q=k 



"(0) 



(0) 



"(0) 



+53(fc,p,g)G(-+(p)C+^(g) + S^{k,p,q)G^^-{p)C+-^{q)l 



p+q=k 



dp[Si{k,p, g)G+y (p)C J(g) + S2{k,p, q)G++{p)C^+{q) 



^(0) 



(0) 



^(0) 



+Ssik,p, q)Gl^:^{p)C++{q) + S^{k,p, q)Gj+ {p)C++ [q]] 



(0) 



^(0) 



(121) 



(122) 



where the integral is to performed over the first shell (A;o,/ci), denoted by region A, and Si{k,p,q) are given in 
Appendix B. The equations for the other two terms S and E~+ can be obtained by interchanging + and — 
signs. Note that 



y++ y+- 

y — h y 

^(0) ^(0) 



ikB++ 

ikB^Q^ ikB^Q^ 



with Bf^J 



0. 



The full-fiedged calculation of E's are quite involved. Therefore, to simplify the calculation by solving the 
equations in the limit = = C'^^{k) — C^^{k) = and E^{k) = E~{k). Under this approximation we 

0, 



have H — symmetry in our problem, hence B^^ = B^^^ and = B^^^ . In the first iteration, 
but they become nonzero after the first iteration, hence we will keep the expressions B'^^ intact. 
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6. The expressions for JS's involve Green's functions and correlation functions, which are themselves functions of 
S's. We need to solve for E's and G's self-consistently. Green's function after first iteration is 



which implies that 



G%J{k,t-t') = 



-ito — ikB'^^ 
ikB-+ 



-ikB+- 
—ico + ikB 



(0) 



(123) 



X(o)(fc)+i?++(fc) 



2X(o)(fc) 



exp±ifcX(o)(fc)(i-i') 



B+ 



(0) 



2X(o)(fc) 



exp±ifcX(o)(fc)(f — t'), 



where X(o)(fc) = yS^^^^ — B'^^-^ ^. The frequency dependence of correlation function arc taken as C{k,Lu) = 

2^[G{k,uj)]C{k), which is one of the generalizations of fluctuation-dissipation theorem to nonequihbrium sys- 
tems. In terms of time difference, C(k,t— t') = G(k,t — t')C{k,t,t), which yields 



C{k,t-t') = ^ 



MO) 



(k)+B++ik) 



2x^o){k) 

B+- 



-C(k) cxp 1$ 



3 + - 

(0) 



(0) 



C(fc)exp-i$ 



2X(o)(fe) 
X(o)(fc)+ B+ + (fc) 



C{k) expi$ 



C{k) exp 



where $ = kX^Q){k)(t - t'). To derive the above, we use the fact that = C'^'^ik) - C^^{k) = 0, and 
(7+"'" (A;) = C~~{k) = C(k). While doing the integral, the choice of the pole is dictated by the direction of the 
waves. 

7. Above Green's functions and correlation functions are substituted in Eqs. (121,122), and the frequency integral 
is performed. These operations yield 



+Sz{k,p,q) 



kSB+- 



{2^r 

B+-{p) 
'2X(o)(p) 

dp 



X(o)(p) + 5++(rt 

2X(o)(p) '^^'''^'^ 



2^(0) (P) 



2^(0) (P) 



(124) 



(27r) 



C{q)[-S,ik,p,q) 



2^(0) (?>) 



'S'2(fc,p, g) 



X^o^{p) + B^+ip) .^(oTl^w. 



2^(0) (P) 



2X(o)(p)^ 



(125) 



with 



denr 



-/cX(o)(fc) +]3X(o)(p) - qX(o)((7)] 



The frequency integral in the above are done using contour integral. It is also possible to obtain the above using 
t' integral [102]. Also note that ui^ = ^kBQ^{k), which is equivalent to using ui = k^ . 

8. Let us denote Bii\{k) as the effective mean magnetic field after the elimination of the first shell. Therefore, 



BUk) = BUk)+5BUk) 



(126) 



Recall that a, 5 = ±1. We keep eliminating the shells one after the other by the above procedure, and obtain 
the following recurrence relation after n + 1 iterations: 

{k) = Bl^) ik) + 5Bl^) (k), (127) 

where the equations for 5B'^^{k) and (5i3^J(fc) are the same as the equations (124,125) except that the terms 
B'^Q^{k) and X^^^{k) are to be replaced by B^^^{k) and X^^^{k) respectively. Clearly B(^n+i){k) is the effective 
mean magnetic field after the elimination of the (n -I- l)th shell. The set of RG equations to be solved are Eqs. 
(124,125) with B(o) replaced by S(„)S, and Eq. (127). 
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9. In YO's perturbative RG calculation, the correlation function depends of the noise (forcing) spectrum. In the 
self-consistent procedure, we assume that we are in the inertial range, and the energy spectrum is proportional 
to Kolmogorov's 5/3 power law, i.e., 

where 

E{k) = Kti^/^k-^/^ (128) 

Here, Sj, is the surface area of d-dimensional unit sphere, 11 is the total energy cascade rate, and K is Kol- 
mogorov's constant. Note that 11+ = 11" = 11 due to symmetry. We substitute the following form of B(„)(fc) in 
the modified equations (124,125) 

i?(t)(fc„fc') = K'/'ny'k-'/'Bi:^{k') (129) 
with k = fc(„+i)fc' (fc' > 1). We expect B'^^^(k') to be a universal function for large n. After the substitution we 

E{q'), , X(0)(V) + B(V(V) 



obtain the equations for BJ!^Hk') that are 



5b: 



-+* 



where 



Btm {sp') B+-(sv') 
-S2{k',p',q') J"^ Y +Ss{k',p',q') ^ 

2A(o)(sp') 2X(o)(sp') 

X,o){sp')-B++{sp') 
-S4k',p',q') ' ydenr', (130) 

-5*2 /c ,p,q) I ,^ +Si{k ,P,q) ^Y fa^n 

2A(o)(,sp') 2A(o)(sp') 

+Ssik',p',q') y <y ^V ^en/, (131) 

rfenr' = [-fc'X(o) (sfc') +p'X(o)(sp') - q'X^o)isq% 

The integrals in the Eqs. (130,131) are performed over a region 1/s < p',^' < 1 with the constraint that 
p' + q' = k'. The recurrence relation for i?(„) is 

^(n+i)(^') = ^'^'Bl^)i^k') + s-'/'dBi:^{k') (132) 

10. Now we need to solve the above three equations iteratively. Here we take the space dimensionality d — 3. We 
use Monte Carlo technique to solve the integrals. Since the integrals are identically zero for k' > 2, the initial 
S*Q^(fc<) = for k'i <2 and B*o)(A;0 = * (fci/2)"^/^ for k'^ > 2. We take B+J = 0. The Eqs. 

(130,131,132) are solved iteratively. Wc continue iterating the equations till B*^_^^^{k') ~ B*^^{k'), that is, till 
the solution converges. The -B^^^s for various n ranging from 0..3 is shown in Fig. 20. Here the convergence is 
very fast, and after n = 3 — 4 iterations B*^-^{k) converges to an universal function 

f{k') = 1.24* w Bl^^^^^^^^k' /2)~^/^ . 

The other parameter B*^^~{k') remains close to zero. Since B*^~^{k') converges, the universal function is an 
stable solution in the RG sense. The substitution of the function -B(*„)(fc') in Eq. (129) yields and 



B(„+l)(fc) = jrl/2nV2B«mt»/(^/2)-V3 = Bo i — 



k ^ 
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for k > kn+i when n is large (stable RG solution). Hence we see that Bn{k) oc k in our self-consistent 
scheme. 

To summarize, we have shown that the mean magnetic field Bq gets renormalized due to the nonlinear term. As a 
consequence, the energy spectrum is Kolmogorov-like, not k~^/^ as predicted by KID's phenomenology, i. e.. 



E{k) = Kn^'^'k-^i^ 

Since, Bq\s corrected by renormalization, we can claim that KID's phenomenology is not valid for MHD turbulence. 

The physical idea behind our argument is that scattering of the Alfvcn waves at a wavcnumbcr k is caused by 
the "effective or renormaHzed magnetic field", rather than the mean magnetic field effective at the largest scale. The 
effective field turns out to be fc-dependent or local field, and can be interpreted as the field due to the next largest 
eddy. The above theoretical result can be put in perspective with the numerical results of Cho et al. [35] where they 
show that turbulent dynamics is determined by the "local" mean magnetic field. Note that KID take ta ~ {kBQ)~^ 

to be the effective time scale for the nonlinear interactions that gives E{k) cx However the timescale Tj^^£\ 

which is of the same order as the nonlinear time-scales of z^, t^j^ ~ {kz^)~^, yields E{k) a fc"^/^. The quantity 

T^^' can possibly be obtained numerically from the time evolution of the Fourier components; this test will validate 
the theoretical assumptions made in the above calculation. 

The above calculation shows that Kolmogorov-like energy spectrum is one of the solution of RG equation. However, 
we cannot claim this to be the unique solution. Further investigation in this direction is required. Also, the above RG 
calculation was done for = E~ and rA = i for simplicity of the calculation. The generalization to arbitrary field 
configuration is not yet done. The mean magnetic field is assumed to be isotropic, which is unrealistic. In addition, 
self-consistent RG scheme has other fundamental problems, as described in Section VII A. 

In the above RG scheme, averaging of wavenumber has been performed for small wavenumbers in contrast to the 
earlier RG analysis of turbulence in which higher wavenumbers were averaged out. Here a self-consistent power-law 
energy spectrum was obtained for smaller length scales, and the spectrum was shown to be independent of the small 
wavenumber forcing states. This is in agreement with the Kolmogorov's hypothesis which states that the energy 
spectrum of the intermediate scale is independent of the large-scale forcing. Any extension of this scheme to fluid 
turbulence in the presence of large-scale shear etc. will yield interesting insights into the connection of energy spectrum 
with large-scale forcing. 

After the discussion on the renormalization of mean magnetic field, we move to renormaHzation of dissipative 
parameters. 



D. Renormalization of viscosity and resistivity using self-consistent procedure 

In this subsection we compute renormalized viscosity and resistivity using self-consistent procedure. This work 
was done by Verma [181, 184], and Chang and Lin [32]. Here the mean magnetic field is assumed to be zero, and 
renormalization of viscosity and resistivity is performed from large wavenumber to smaller wavenumbers. This is 
the major difference between the calculation of Subsection VII C and the present calculation. The RG calculation 
for arbitrary cross helicity, Alfven ratio, magnetic helicity, and kinetic helicities is very complex, therefore Verma 
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performed the calculation in the following three limiting cases: (1) Nonhelical nonAlfvenic MHD {Hm = Hk = He = 
0), (2) Nonhelical Alfvenic MHD {Hm = Hk = 0,crc ^ 1), and (3) Helical nonAlfvenic MHD {Hm ^0,Hk¥= 0, H^ = 
0). These generic cases provide us with many useful insights into the dynamics of MHD turbulence. 



1. Nonhelical nonAlfvenic MHD (Hm = Hk = He = 0): 

In this case, the RG calculations are done in terms of u and b variables because the matrix of Green's function 
becomes diagonal in these variables. We take the following form of Kolmogorov's spectrum for kinetic energy [i^"(A;)] 
and magnetic energy 

E"{k) = if"n2/3fc-5/^ (133) 
E^k) = E^{k)/rA, (134) 

where is Kolmogorov's constant for MHD turbulence, and H is the total energy flux. In the limit CTc = 0, we have 
E+ = E- and n+ = H" = H [cf. Eq. (103)]. Therefore, Etotai{k) = E+{K) = E^k) + E\k) and 

i^+ = i^"(l + r^i) (135) 

With these preliminaries we start our RG calculation. The incompressible MHD equations in the Fourier space are 

{-iuj + uk^) Ui (k) = -'-P+jm^^) I dp [Uj{p)um{q) - bj{p)b^{q)] , (136) 
{-iuj + rjk^)bi(k) = -iPr^{k) [ dp[uj{p)bm{q)], (137) 

^ ' Jp+q=k 

where 

P+^{k) = kjP,^{],) + kmPM, (138) 

P^~jmi^) = kjSim-km6ij. (139) 

Here u and 77 are the viscosity and the resistivity respectively, and d is the space dimensionality. 

In our RG procedure the wavenumber range {kN,ko) is divided logarithmically into N shells. The nth shell is 
{kn, kn-i) where kn = h^ko {h < 1). In the following discussion, we carry out the elimination of the first shell (fci, ko) 
and obtain the modified MHD equations. We then proceed iteratively to eliminate higher shells and get a general 
expression for the modified MHD equations. The renormalization group procedure is as follows: 

1. We divide the spectral space into two parts: 1. the shell (A;i, fco) = k-^ , which is to be eliminated; 2. {kN,k\) = 
fc^, set of modes to be retained. Note that z/(o) and ry(o) denote the viscosity and resistivity before the elimination 
of the first shell. 

2. We rewrite Eqs. (136, 137) for k^ and k^ . The equations for uf{k) and hf{k) modes are 

(-ia; + S^«)(fc))<(fc) + S^o^)(fc)&<(fc) = -\Pt,M I dp{[u<{p)u<{k-p)] 

+2[uf{p)v>{k - p)] + [u>{p)u^{k - p)] 

—Similar terms for h) (140) 

(-iuj + Y.'^^{k))b<{k) + T.%{k)u<{k) = -iP-^M J dp{[u<{p)b<{k-p)] 

+ [u<{p)b>{k -p)+ u>{p)b<{k - P)] 

+ [u>{p)b>{k-p)]) (141) 



The Ss appearing in the equations are usually called the "self-energy" in Quantum field theory language. In the 
first iteration, S"^ = z^(o)fc^ and S^q^ = r](o)k^, while the other two Es are zero. The equation for uf{k) modes 
can be obtained by interchanging < and > in the above equations. 
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3. The terms given in the second and third brackets in the Right-hand side of Eqs. (140, 141) arc calculated 
perturbatively. Since we are interested in the statistical properties of u and b fluctuations, we perform the usual 
ensemble average of the system [193]. We assume that u^(^) and b'^(fc) have gaussian distributions with zero 
mean, while u^(fc) and b^(fc) are unaffected by the averaging process. Hence, 



u>{k)) = (142) 
b>{k)) = (143) 



= u<{k) (144) 
b<{k)) = b<{k) (145) 



and 



{u>{p)u>{q)) = P,,{p)C-^p)Sip + q) (146) 
{b>{p)b>{q)) = P,,{p)C'">{mP + <i) (147) 



{u>{p)b>{q)) = PMC^'imP + Q) (148) 



The triple order correlations (^Xr'{k)Xj {p)X^{q)j are zero due to Gaussian nature of the fluctuations. Here, X 

stands for u or b. In addition, we also neglect the contribution from the triple nonlinearity (^X^{k)X^[p)X^{q)j , 

as done in many of the turbulence RG calculations [120, 193]. The effects of triple nonhnearity can be included 
following the scheme of Zhou and Vahala [203]. 

4. To the first order, the second bracketed terms of Eqs. (140, 141) vanish, but the nonvanishing third bracketed 
terms yield corrections to Ss. Refer to Appendix C for details. Eqs. (140, 141) can now be approximated by 



(-za; + E^o")+'5S^ol)<(^) + (sro)+'5S^o))^f(^) = -'^P^%.i^) J dp[u< {p)u<Ck - p) 

-b<{p)b<{k-p)\ (149) 
[-iw + Y!>^)+5i:%)b<{k) + {Y!^,^+5Y!^^)u<{k) = -iPr^M j dp[u< {p)b<{k - p)] (150) 



with 



5S^o")W = / dp[S{k,P,q)G^''ip)C^''{q) - Se{k,p,q)G'\p)C'\q) 

l« — J-J Jp+q=k 

+S^{k,p,q)G^\p)C^\q) - S{Kp,q)G'^{p)C''\q)] (151) 



A 



6^^.{k) = j:r-r^ dp[-S{k,p,q)G--(p)C-\q) + S,{k,p,q)G-\p)C--{q) 

I" — J^J Jp+q=k 

+S{k,p,q)G''^{p)C'\q) - S,{k,p,q)G'"ip)C^\q)] (152) 
<5S^o")(fc) = -1- / dp[Ss{k,p, q)G^^{p)C^\q) + 5io(fc,p, q)G''\p)G^\q) 

+S,2ik,p,q)G-\p)C'>\q) - Sr{k,p,q)G'>-ip)C"-iq)] (153) 
S^^^ik) = — i- / dp[-Ss{k,p,q)G-"{p)G"'{q)+S^{k,p,q)G"'{p)G-"{q) 

- J-j Jp+q=k 

+Suik,p,q)G^\p)C^\q) - S^{k,p,q)G'^{p)C^\q)] (154) 
The quantities Si{k,p,q) are given in the Appendix C. The integral A is to be done over the first shell. 

5. The full-fiedge calculation of S's is quite involved. Therefore, we take two special cases: (1) NonAlfvenic: 
C"'' = or CTc = 0; and (2) Alfvenic: C"*" « C™ w C^'' or ctc ^ 1. In this subsubsection we will discuss only 
the case CTc = 0. The other case will be taken up in the next subsubsection. A word of caution is in order here. 
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In our calculation the parameters used adk) = 2C"''(fc)/(C""(fc) + C''^(A;)) and r^Cfc) = E'^{k)/E^{k) are taken 
to be constants, even though they could be a function of k. Also note that these parameters could differ from 
the global cTc and r^, yet we assume that they are probably closer to the global value. 

When (Tc = 0, an inspection of the self-energy diagrams shows that S"^ = S''" = 0, and G"'' = G^" — 0. Clearly, 
the equations become much simpler because of the diagonal nature of matrices G and S, and the two quantities 
of interest <^S"J^ and S'E^q^ are given by 

JEfo^fc) = r dp{S{k,p,q)G^-{p)C^-{q)-Se{k,p,q)G'''{p)C'''{q)) (155) 

" ~ Jp+q=k 
A 



d- 1 



p+q=k 



_ dp {-Ssik,p, q)G-^{p)C'\q) + S,ik,p, q)G'\p)C^^{q)) 



(156) 



6. The frequency dependence of the correlation function are taken as: C^'^{k,uj) = 2G™(fc)3fi(G""(fc, w)) and 
G^^{k,uj) = 2C''^{k)^{G^''{k,ui)). In other words, the relaxation time-scale of correlation function is assumed to 
be the same as that of corresponding Green's function. Since we are interested in the large time-scale behaviour 
of turbulence, we take the limit uj going to zero. Under these assumptions, the frequency integration of the 
above equations yield 



^V(o){k) 



1 



(d- l)fc2 



p-|-q=k 



dp 

(2^ 



S{k,p,q)C^^{q) 



Se{k,p,q)G'>\q) 



dp 

(d-l)fc2 7p+q^k(2^ 
Ss{k,p,q)C'>\q) 



S,{k,p,q)C^^q) 



{p)p'^ + ^/(o) {qyi^ V{0) ip)p^ + i^(o) (<?)<?^ 



(157) 



(158) 



Note that p{k) = S""(A:)/A:^ and T]{k) = T,''^{k)/k'^ . There are some important points to remember in the above 
step. The frequency integral in the above is done using contour integral. It can be shown that the integrals are 
nonzero only when both the components appearing the denominator are of the same sign. For example, first 
term of Eq. (158) is nonzero only when both iy(o){p) and fy(o)('/) are of the same sign. 

7. Let us denote i^(i)(A;) and ?7(i)(fc) as the renormalized viscosity and resistivity respectively after the first step of 
wavenumber elimination. Hence, 

U(^i){k) = !^(o)(fc) -|-(5!^(o)(fc); (159) 
V{i){k) = Vio){k) + Svio){k) (160) 

We keep ehminating the shells one after the other by the above procedure. After n+1 iterations we obtain 

'^in+l){k) = l^(n){k) + Sl^(^n){k) (161) 

Vin+i){k) = V{n){k) + Sr](^„){k) (162) 

where the equations for (5j^(„)(fc) and Sri(^n){k) are the same as the Eqs. (157, 158) except that i^{o){k) and ?7(o)(fc) 
appearing in the equations are to be replaced by (fc) and ry(„) (A;) respectively. Clearly v^n+i) {k) and /?(«+!) (k) 
are the renormalized viscosity and resistivity after the elimination of the {n + l)th shell. 

8. We need to compute and (5?7(„) for various n. These computations, however, require and ?7(„). In our 
scheme we solve these equations iteratively. In Eqs. (157, 158) we substitute C{k) by one dimensional energy 
spectrum E[k) 

Sd{d — 1) 

where Sd is the surface area of d-dimensional spheres. We assume that E^{k) and E^{k) follow Eqs. (133, 134) 
respectively. Regarding and '/(n), we attempt the following form of solution 



{^,^\n){knk') = {K^y/^Il'/-'k;,'/^i^\rj*)M{k') 
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Figure 21: The plots of i'*{k') (solid) and r]*{k') (dashed) vs. k' for d = 3 and fXc = 0, rA = 1. The values converge. Adopted 
from Verma [181]. 



with k = kn+ik' {k' < 1). We expect J^(*„)(fc') and '>l(n)i^') ^ universal functions for large n. The substitution 
oi C"'^{k),C^^{k),i'(^n){k), and r](^n){k) yields the following equations: 



-1 



-1 



1^, 



+Sg{k',p',q') , 7 * fu n /2 ] (164) 

(„+i)(fc') = /i^/3i.(*„)(/ifc') + /^-'/'Kn)('^') (165) 
<n+i) (fc') = /^'/'^(n) (/^^O + h-'/'Svl^ ihk') (166) 

where the integrals in the above equations are performed iteratively over a region 1 < p',q' < 1/h with the 
constraint that p' + q' = k'. Fournier and Frisch [55] showed the above volume integral in d dimension to be 

X+ '-k' " ^"'^ I (^) ('^''")'"' ' (^^^) 

where a is the angle between vectors p' and q'. 

9. Now we solve the above four equations self consistently for various r^s. We have taken h = 0.7. This value is 
about middle of the range (0.55-0.75) estimated to bo the reasonable values of h by Zhou et al. [201]. We start 
with constant values of i^^*^^ and '>l*(Qy and compute the integrals using Gauss quadrature technique. Once 6v*^q^ 
and i5??('q') have been computed, we can calculate v*-^-^ and 'f]*iy We iterate this process till v'^^.^j^i-^ik') ~ ^lrn)i^') 
and V(rn+i)^^'^ ~ ^(*m)(^')) that is, till they converge. We have reported the limiting v* and rj* whenever the 
solution converges. The criterion for convergence is that the error must be less than 1%. This criterion is usually 
achieved by n = 10 or so. The result of our RG analysis is given below. 

Verma carried out the RG analysis for various space dimensions and found that the solution converged for all d> 
2.2. Hence, the RG fixed-point for MHD turbulence is stable for d > dc. For illustration of convergent solution, see 
the plot of iy*^^{k') and i]'^,^-^{k') for = 3.r^ = 1 in Fig. 21. The RG fixed point for d < dc is unstable. Refer to Fig. 
22 for d = 2,rA = 1 as an example of an unstable solution. From this observation we can claim that Kolmogorov's 
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Figure 22: The plots of i'* {k') (solid) and r]*{k') (dashed) vs. k' for d = 2 and cTc = 0, = 1. There is no convergence. 
Adopted from Verma [181]. 



Table V: The values of ly* , rj* , z^""*, u^^* ^ rf'"* ^ rf'" for various space dimensions d with ta = 1 and CTc = 0. 



d 




n' 


Pr 








rr 


2.1 
















2.2 


1.9 


0.32 


6.0 


-0.041 


1.96 


-0.44 


0.76 


2.5 


1.2 


0.57 


2.1 


0.089 


1.15 


-0.15 


0.72 


3.0 


1.00 


0.69 


1.4 


0.20 


0.80 


0.078 


0.61 


4.0 


0.83 


0.70 


1.2 


0.27 


0.56 


0.21 


0.49 


10.0 


0.51 


0.50 


1.0 


0.23 


0.28 


0.22 


0.28 


50.0 


0.23 


0.23 


1.0 


0.11 


0.12 


0.11 


0.12 


100.0 


0.14 


0.14 


1.0 


0.065 


0.069 


0.066 


0.069 



powerlaw is a consistent solution of MHD RG equations at least for d> dc. Verma also computed the contribution to 
renormalized viscosity and resistivity from each of the four terms u- Vu, — b - Vb, — u - Vb, b- Vu. These quantities are 
denoted by v^'^, u'^'', 77**", and 77^^ respectively. The values of asymptotic {k' —^ limit) v* ,r]* , i^"", i^"^, 77'"', and rj''^ 
for various d and = 1 are displayed in Table V. The MHD equations can be written in terms of these renormalized 
parameters as 

-6<(p,i)6<(k-p,f)] 

(|+r7^"fc^ + r,'"'fc2)6<(k,t) = -P.^M J j^[u<{p,t)b<(k - p,t)] 

We multiply the above equations by uf*{k, t) and bf*{k, t) respectively and obtain the energy equation. When we 
integrate the terms up to the last wavenumbers fcjv, the terms in the RHS vanish because of "detailed conservation of 
energy in a triad interaction" (see Section HID). Therefore from the definition, we deduce that the energy cascade 
rate from inside of the X sphere {X <) to outside of the Y sphere {Y >) is 

n^< = / 2iy^^{k)PE^{k)dk (168) 
Jo 

where X, Y denote u or b. From Table 1, wc sec that the sign of u"" changes from positive to negative at d = 2.2; this 
result is consistent with the conclusions of Fournier and Frisch [55] , where they predict the reversal of the sign of eddy 
viscosity at = 2.208. Even though Verma's RG calculation could not be extended to d = 2 (because of instability 
of the fixed point), it is reasonable to expect that for d = 2, //""will be negative, and n"> will be negative consistent 
with the EDQNM results of Pouquet et al. [148], Ishizawa and Hattori [78], and numerical results of Dar et al. [45]. 
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Figure 23: The plot of asymptotic i'* (square) and r;* (diamond) vs. d for — and ta = 1. The fluid f* (triangle) is also 
plotted for reference. For large d, these values fit quite well with predicted d~^^^ curve. Adopted from Verma [181]. 



Table VI: The values of 



bu*^ ^bb* £jjj. .^.a^j-io^jg .j^j^-jj d = 3 and fTc = 0. 



TA 


u* 


'"/' 


Pr 






^bu* 




OO 


0.38 






0.38 








5000 


0.36 


0.85 


0.42 


0.36 


1.4 X IQ-* 


-0.023 


0.87 


100 


0.36 


0.85 


0.42 


0.36 


7.3 X 10"^ 


-0.022 


0.87 


5 


0.47 


0.82 


0.57 


0.32 


0.15 


4.7 X 10"* 


0.82 


2 


0.65 


0.78 


0.83 


0.27 


0.38 


0.031 


0.75 


1 


1.00 


0.69 


1.40 


0.20 


0.80 


0.078 


0.61 


0.5 


2.1 


0.50 


4.2 


0.11 


2.00 


0.15 


0.35 


0.3 


11.0 


0.14 


78 


0.022 


11.0 


0.082 


0.053 


0.2 

















For large d , v* = rf , and it decreases as d"^/^ (see Fig. 23); v* for pure fluid turbulence also decreases as d~^/'^, 
as shown in the same flgure. This is evident from Eqs. (163,164) using the following arguments of Fournier et al. [57]. 
For large d 



dp'dq' 



k' 



d-2 



d-3 



(sin a) 
Sd-i 



d-^'\ 



1 / d 



1/2 



[d-lfS, d^\2n^ 
S,-S6,-Ss,Sg{k',p',q') = kpd{z + xy), 



(169) 



(170) 



which leads to 



\2tt J 

hence i/* oc Also, from Eq. (170) it can be deduced that f^^* = z^"*** = Ty**"* = rj^''* for large d, as is seen from 

Table V. 

Verma [181] also observed that the stability of RG fixed point in a given space dimension depends on Alfvcn ratio 
and normalized cross helicity. For example, for d = 2.2 the RG fixed point is stable for ta > 1, but unstable for 
< 1 . A detailed study of stability of the RG fixed point is required to ascertain the boundary of stability. 

The values of renormalized parameters for rf = 3 and various r .-i are shown in Table VI. For large (fiuid 
dominated regime), u* is close to renormalized viscosity of fluid turbulence {ta = oo), but rj* is also flnite. As is 
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decreased, rj* decreases but v* increases, or the Prandtl number Pr — v/rj increases. This trend is seen till w 0.25 
when the RG fixed point with nonzero v* and rj* becomes unstable, and the trivial RG fixed point with v* — rj* — 
becomes stable. This result suggests an absence of turbulence for below 0.25 (approximately). Note that in the 
fA ^ (fully magnetic) limit, the MHD equations become linear, hence there is no turbulence. Surprisingly, our RG 
calculation suggests that turbulence disappear near ta = 0.25 itself. 

Using the fiux interpretation of renormalized parameters (Eq. [168]) , and from the values of renormalized parameters 
in Table VI, we can deduce that energy fiuxes from kinetic to kinetic, magnetic to magnetic, and kinetic to magnetic 
energies are always positive. The energy fluxes from magnetic energy to kinetic energy is positive for 0.3 < < 2, 
but changes sign on further increase of ta- The negative value of i]''"* indicates that the kinetic energy at large 
wavenumbers are transferred to the magnetic energy at smaller wavenumbers (inverse transfer). 

Verma found that the final i/*(fc') and r]*{k') are constant for smah k' but shifts toward zero for larger k' (see Fig. 
21). Similar behaviour has been seen by McComb and coworkers [125] for fluid turbulence, and is attributed to the 
neglect of triple nonlinearity. Triple nonlincarity for fluid turbulence was first included in the RG calculation by Zhou 
and Vahala [202]; similar calculation for MHD turbulence is yet to done. 

Pouquet [148] and Ishizawa and Hattori [78] calculated i/"", ry^", tj'''' for d = 2 using EDQNM (Eddy-damped 
quasi-normal Markovian) approximation. Pouquet argued that rj'''' is negative, while Ishizawa found it to be positive. 
Unfortunately Verma's procedure cannot be extended to c? = 2. However, Verma claimed that the magnetic energy 
cascade rate (H^^) is positive for all d > dc because ry'''' > 0. 

In the fohowing subsection we present Verma's calculation of renormahzed viscosity and resistivity for CTc — > 1 limit 
[181]. 



2. Nonhelical Alfvenic MHD (Hm = Hk; <Tc — » 1 ): 

Alfvenic MHD has high u-b correlation or ^ For this case it is best to work with Elsasser 

variables 7=*= = u ± b. These types of fiuctuations have been observed in the solar wind near the Sun. However, 
by the time the solar wind approaches the Earth, the normalized cross helicity is normafly close to zero. In this 
section we will briefly discuss the RG treatment for the above case. For the following discussion we will denote 
/ {\z+\^) = r = (1 - a,)/ {I + a,). Clearly r « 1. 

MHD equations in terms of Elsasser variables are 

(-iw + V{o)±±k'^) zf{k) + y{o)±^k'^ zf ik) = -iMij^Oi) j dkzf{p)z^{k - p). 

Note that the above equations contain four dissipative coefficients v±± and v±^ instead of usual two constants 
iy± = {u ± rj)/2. The H — symmetry is broken when r ^ 1. RG generates the other two constants. We carry out 
the same procedure as outlined in the previous RG calculation. After n + 1 steps of the RG calculation, the above 
equations become 

[-iu; + (j/(„)±±(fc) + <5:.(„)±±(fc)) k^] zf<{k) 

+ {^(n)±^{k) + (5!.(„)±^(fc)) kHf<{k) = -iM,,-„(k) j dpzj<{p)zi<{k - p) (171) 

with 

5v(n)++{k) = (rf_\)fc2 j^^^_,#[^i(fc,P,g)G++(p)C--(g) + 52(fc,p,g)G+y(p)C--(g) 

+S^{k,p,q)G^+{p)C+-{q) + S^{k,p,q)G^-^{p)C+- [q)] (172) 

5^(„)+_(fc) = (^_\)fc2 _^dp[S,ik,p,q)G+-^{p)C-+iq) + S2ik,p,q)Gp^ 

+S3{k,p,q)Gl-^{p)G++{q) + S4k,p,q)Gl+{p)C++{q)] (173) 

where the integral is performed over the (r?, + l)th shell (fc„+i, fc„). The equations for the other two Svs can be obtained 
by interchanging + and — signs. Now we assume that the Alfven ratio is one, i.e., = i?" — E'' = 0. Under this 
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condition, the above equations reduce to 

Ji.(„)++(A:) = _,#[^i(fc,P,9)Gf„t(p) +52(fc,P,g)G+y(p)]C--(g) (174) 

<5i.(„)+_(fc) = jj-^Yjj^ j^^ dp[S3{k,p, q)G^-)m + S4k,p, q)Gl+mC++{q) (175) 

5i.(„)_+(A=) = _\)fc2 #[^3(fc,P, g)G++(p) + S4k,p, q)G+-^mC--{q) (176) 

(5z.(„)__(A;) = (^_\)fc2 j^^._fe^^[^i(^'^'g)^rn) + >g2(fc,P,g)G(„|(p)]C++(g) (177) 

The inspection of Eqs. (174-177) reveal that and |- are of the order of r. Hence, we take the P matrix to be 

of the form 

Hk,u,)=(i (178) 



r^p (3 

It is convenient to transform the frequency integrals in Eqs. (174-177) into temporal integrals, which yields 

+S2(t,p,<))G+J(p,t - t')]C— (q,( - (')] (179) 

and similar forms for equations for other us. Green's function G{k,t — t') = cxp — [j>fc^(t — t')] can be easily evaluated 
by diagonalizing the matrix D. The final form of G{k, t — t') to leading order in r is 



G{k,t-t') 



1 _ (1 _ exp (-/3(i - t'))) - {l + m - } (1 - exp {-f3{t - t'))) 
_r_± ^1 _ (_^(^ _ _ + !^ (1 _ exp (-/3(t - t'))) 



The correlation matrix C{k, t — t') is given by 

(G++{k,t-t') C+-{k,t-t')\ _ ^ ,,.(C++{k) C+-{k)\ 
\G-+{k,t-t') C--{k,t-t') J - ^^"'^ ^'\C-+{k) C—{k) J 

The substitution of correlation functions and Green's functions yield the following expressions for the elements of Su 

c (u ( \ 1 \ 

-Ss{k,p, q)^^ ( ] - -^4t^) } (181) 

1 f^p C~'~^ ('7) 



^^("^^''^ " (d-\)fc2 / ■0jdC+{q){S3{k,p,q) 
+S2{k,p, q) 



P(n){q)q^ 

oi(n)i.q) /I 1 



l^{n){q) \P{n){p)P^ + P{n){q)q'^ Pin){p)P^ 
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Note that 5a, 5j3, 5C,, Sip, and hence a, 13, (, ij), arc all independent of r. To solve the above equations we substitute 
the following one-dimensional energy spectra in the above equations: 

EHk) = i^+lH^fc-^/^ (185) 

E-{k) = rE+{k), (186) 

For the elements of v we substitute 

Z(„)(fc) = Zl)^^-^-J-^k-^'^ (187) 

where Z stands for Q, a, ijj, 13. The renormalized Z*s are calculated using the procedure outlined in the previous 
section. For large n their values for d = 3 are 

_ / 0.86r 0.14 \ 
^ - I 0.16r 0.84 I ' 



and for d = 2 they are 



, 0.95r 0.54 , 

^ - I l.lOr 0.54 ) ^^^^^ 



Note that the solution converges for both d = 2 and d=2>. 

As discussed in the earlier section, the cascade rates 11='= can be calculated from the renormalized parameters 
discussed above. Using the energy equations we can easily derive the equations for the cascade rates, which are 



n+ = I '\rCk^E+{k)+ [ '\aPiE''{k)-E\k)) (190) 
Jq Jo 

n- = / 2l3k'^E-{k)+ / 2rtpk'^{E''{k)- E\k)) (191) 
Jo Jo 



Under the assumption that va = 1, the parts of 11='= proportional to {E^{k) — E^{k)) vanish. Hence, the total cascade 
rate will be 

n = i(n+ + n-) (192) 

(■few 

r 



rKN 

/ iC + p)k^E+{k) (193) 
Jo 



Since ^ and (3 are independent of r, the total cascade rate is proportional to r (for r small). Clearly the cascade rate 
n vanishes when r = or CTc = 1. This result is consistent with the fact that the nonlinear interactions vanishes for 
pure Alfven waves (2:+ or z~). The detailed calculation of the cascade rates 11='= and the constants is presented 
in Section VIII A 2. 

Now we will present the renormalization group analysis for helical MHD. 



3. Helical nonAlfvenic MHD (Hm 7^ 0; Hk ^ 0; Uc = OJ; 

Helical MHD is defined for space dimension d = 3. Verma [184] performed the RG analysis for helical MHD. His 
method moves along the same lines as that applied for nonhelical MHD (Section VII D 1). All the steps are the same 
except Eqs. (146,147) are replaced by 



(u>{p)v>{<r)) 



pi 



(2nf5{p + q) 



[Pij{^)&\p) - ieijipiHMip)] {2nfS{p + q) 



(194) 
(195) 
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Note that u-b correlation has boon taken to be zero in our calculation. Because of helicities, the equations for change 
in renormaHzed self-energy (157, 158) get altered to 



1 dp ,S{k,p,q)C"^{q) + S'ik,p,q)HK{q) 



Se{k,p,q)C'^\q) + Sl,{k,p,q)HMiq) . 
1 /-^ dp ^ Ss{k,p,q)C^\q) + S',{k,p,q)HM{q) 



{d - l)fc2 {2nr ' 1.(0) ip)p^ + 77(0) {q)q' 

Ss{k,p,q)C^^iq) + Sl,{k,p,q)HK{q), 



+ - 



'n(Q){p)P^ + V{Q){q)q'^ 
where 5"^ defined below can be shown to be zero. 

S'{k,p,q) = n+„(fc)F+„,(p)e,„ig, = 0, 

S'eik^P^q) = Pajni(k)Pmba(p)'^3aiqi =0, 
S'sik,p,q) = P,^mik)P+biP)^maiqiPb{k)=0, 

S'^{k,p,q) = P,^^ik)P^^,{p)e,aiqiP,b{k) =0. 

The argument for vanishing of S' is follows. Since and dr/ are proper scalars and Hm,k are pseudo scalars, 
Si{k,p., q) will be pseudo scalars. In addition, S[{k,p, q) are also linear in and q. This implies that Sl{k,p, q) must 
be proportional to q- (k x p), which will be zero because k = p + q. Hence all S[{k,p,q) turn out to be zero. Hence, 
helicities do not alter the already calculated 5{i',ri)(ri){k) in Section VII Dl. Zhou [198] arrived at a similar conclusion 
while calculating the renormalized viscosity for helical fluid turbulence. 



E. RG Calculations of MHD Turbulence using YO's Perturbative Scheme 

In YO's perturbative scheme for fluid turbulence, corrections to viscosity, vertex, and noise are computed on shell 
elimination. After that recurrence relations are written for these quantities, and flxed points are sought. The nontrivial 
fixed point provides us with spectral exponents etc. 

In MHD turbulence there are more variables than fluid turbulence. If cross helicity is zero, we can manage with 
corrections to (1) viscosity and resistivity, (2) three vertices corresponding to (u- V)u, (b- V)b, and (u- V)b— (b- V)u, 
and (3) two noise parameters corresponding to the velocity and magnetic fields respectively [58] . In terms of Elsasser 
variables, we get similar terms. These calculations have been performed by Lee [99], Fournier et al. [58], Camargo 
and Tasso [27], Liang and Diamond [103], Berera and Hochberg [9], Longcope and Sudan [106], and Basu [4]. Note 
that in 1965 itself Lee [99] had written all the Feynman diagrams for dressed Green's functions, noise, and vertex, 
but could not compute the dressed Green's function or correlation function. 

A brief comments on all the above work are as follows. In almost all the following work, cross helicity is taken to 
be zero. 



1. Fournier, Sulem, and Pouquet 

Fournier et al. [58] were the first to perform RG calculation for MHD turbulence in 1982. Different regimes were 
obtained depending on space dimension, external driving (noise), and fluid characteristics Hke Prandtl number. The 
trivial and kinetic regimes exist in any space dimension. Here, the dissipative coefficients, viscosity and resistivity, 
are renormalized, and they have the same scaling. Turbulent magnetic Prandtl number depends on space dimension 
only and tends to 1 when d ^ oo. 

The magnetic regime is found only for d > dc ~ 2.8. The effect of the small-scales kinetic energy on the large scales 
is neghgible, and the renormalization of the coupling is only due to the small scales magnetic energy. The turbulent 
magnetic Prandtl number is infinite for dc < d < d'^ ^ A.7, while for d > d'^, it has a finite value which tends to 1 as 
d — * 00. 

No magnetic regime can be computed by the RG for d < d^. Also, in d < 3, the contribution of the magnetic small 
scales to the turbulent diffusivity is negative and tends to destabilize the magnetic large scales. In rf = 2 or close to 
2, the electromagnetic force produces unbounded nonlinear effects on large scales, making RG inapplicable. 
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2. Camargo and Tasso 

Camargo and Tasso [27] performed RG analysis using variables. They derived flow equations for the Prandtl 
number. They showed that effective resistivity could be negative, but effective viscosity is always positive. 

3. Liang and Diamond 

Liang and Diamond [103] appHed RG for 2D fluid and MHD turbulence. They found that no RG flxed point exists 
for both these systems. They attributed this phenomena to dual-cascade. 

4- Berera and Hochberg [9J 

Berera and Hochberg's [9] RG analysis showed that Kolmogorov-like 5/3, KID's 3/2, or any other energy spectra 
can be obtained by a suitable choice of the spectrum of the injected noise. They also report forward cascade for both 
energy and magnetic helicity. 

5. Longcope and Sudan 

Longcopee and Sudan [106] applied RG analysis to Reduced Magnetohydrodynamics (RMHD) and obtained effective 
values of the viscosity and resistivity at large-scales. 

F. Callan-Symanzik Equation for MHD Turbulence 

This scheme is equivalent to Wilson's RG scheme of shell elimination. For details of this scheme, refer to the book 
by Adzhemyan [1]. Hnatich, Honkonen, and Jurcisin [76] performed RG analysis based on two parameters, space 
dimension and noise spectral index. They showed that the kinetic fixed point is stable for d> 2, but the magnetic 
fixed point is stable only for d> 2.46. Adzhemyan et al. [2] applied quantum-field approach to MHD turbulence 
and performed a detailed RG analysis. 

G. Other Analytic Techniques in MHD Turbulence 

Direct Interaction Approximation [84] is very popular in fiuid turbulence. In fact, some researchers (e.g., Kraichnan 
[87]) argue in favour of DIA over RG. One problem of DIA is that the integral for Green's function diverges (infrared 
divergence), and one needs to introduce a infrared cutoff [102]. In any case, there are only a few DIA calculations for 
MHD turbulence. Verma and Bhattacharjee [188] applied DIA to compute Kolmogorov's constant in MHD turbulence 
assuming 5/3 energy spectrum. Note however that their self-energy matrix is not quite correct, and should be replaced 
by that given in Section VII D 2. Nakayama [136] performed one such calculation based on KID's scahng for Green's 
function and correlation functions. 

There are some interesting work by Montgomery and Hatori [131], and Montgomery and Chen [129, 130] using scale 
separation. They computed the effects of small scales on the large-scale magnetic field, and found that helicity could 
enhance the magnetic field. They have also computed the corrections to the transport parameters due to small-scale 
fields. Note that RG schemes are superior to these schemes because they include all the interaction terms. For details, 
the reader is referred to the original papers. 

Now let us compare the various results discussed above. One common conclusion is that the magnetic (dominated) 
fixed point near d = 2 is unstable, however, authors report different critical dimension dc- Both Fournier et al. [58] 
and Verma find that magnetic Pr = 1 as — > oo. For 2D fiuid turbulence, Liang and Diamond's [103] argued that 
RG fixed point is unstable. This result is in disagreement with our self-consistent RG (see Appendix D). To sum up, 
RG calculations for MHD turbulence appears to be quite involved, and there are many unresolved issues. 

In fiuid turbulence, there are some other interesting variations of field-theoretic calculations by DeDominicis and 
Martin [47], Bhattacharjee [10], Carati [29] and others. In MHD turbulence, however, these types of calculations are 
less. 

In the next section we will compute energy fiuxes for MHD turbulence using field-theoretic techniques. 
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VIII. FIELD-THEORETIC CALCULATION OF ENERGY FLUXES AND SHELL-TO-SHELL ENERGY 

TRANSFER 

In this section we present calculation of energy fluxes in MHD turbulence. The computation was carried out by 
Verma [182, 184, 185] for the inertial-range wavenumhers using pcrturbativc self-consistent field-tlicorctic technique. 
He assumed the turbulence to be homogeneous and isotropic. Even though the real-world turbulence do not satisfy 
these properties, many conclusions drawn using these assumption provide us with important insights into the energy 
transfer mechanisms at small scales. Verma assumed that the mean magnetic field is absent; this assumption was 
made to ensure that the turbulence is isotropic. The field-theoretic procedure requires Fourier space integrations of 
functions involving products of energy spectrum and the Greens functions. Since there is a general agreement on 
Kolmogorov-like spectrum for MHD turbulence, Verma took E{k) cx k~^/^ for all the energy spectra. For the Greens 
function, he substituted the "renormahzed" or "dressed" Greens function computed by Verma [181] (see Section VHD). 



The field-theoretic calculation for arbitrary cross helicity, Alfven ratio, magnetic helicity, and kinetic helicities is 
quite intractable, therefore Verma performed the calculation in the following three limiting cases: (1) Nonhelical 
nonAlfvenic MHD {Hm = Hk = = 0), (2) Nonhelical Alfvenic MHD {Hm = Hk = 0,ac ^ 1), and (3) Helical 
nonAlfvenic MHD {Hm 0,Hk ^ 0,Hc = 0). Energy fiux calculation for each of these cases is described below. 



As described in Section HI F the energy fiux from inside of the X-sphere of radius fco to outside of the F-sphere of 
the same radius is 



where X and Y stand for ii or h. Verma assumed that the kinetic energy is forced at small wavcnumbcrs. 

Verma [185] analyticahy calculated the above energy fiuxes in the inertial range to leading order in perturbation 
series. It was assumed that u(k) is quasi-gaussian as in EDQNM approximation. Under this approximation, the triple 
correlation {XXX) is zero to zeroth order, but nonzero to first odcr. To first order {XXX) is written in terms of 
{X X X X) , which is replaced by its Gaussian value, a sum of products of second-order moment. Consequently, the 
ensemble average of S^-^ , (S'^"'^), is zero to the zeroth order, but is nonzero to the first order. The first order terms 
for (^S^^ {k\p\q}) in terms of Feynman diagrams are given in Appendix C. They are given below in terms of Green's 
functions and correlation functions: 



A. Field-theoretic Calculation of Energy Fluxes 



1. Nonhelical nonAlfvenic MHD (Hm = Hk = He = 0) 




(196) 



68 



t 

d 



{S"-{k\p\q)) = / dt' i2nf [T,ik,p,q)G""ik,t-t')C-"{p,t,t')C"-iq,t,t') 

J — oo 

+T,ik,p, q)G^^p, t - t')C^^k, t, t')C"^iq, t, t') 

+n{k,p, q)G^''{q, t - t')C^"{k, t, t')C"''{p, t, t')]S{k' + p + q) (197) 
{S'^\k\p\q)) = - f dt' {27rf [T2ik,p,q)G--ik,t-t')C'\p,t,t')C''\q,t,t') 

J — OO 

+Tj(k,p, q)G'\p, t - t')G""{k, t, t')C'\q, t, t') 

+Tn{k,p, q)G''''{q, t - t')C''''{k, t, t')C''%p, t, t')]<5(k' + P + q) (198) 



(S'^klplq)) = - f dt' {27rf [n{k,p,q)G>'''{k,t-t')C^^{p,t,tf)C'>'{q,t,t' 

J —OO 



+Te{k,p, q)G-^{p, t - t')C'>\k, t, t')C'\q, t, t') 

+Ti2(fc, p, q)G^\q, t - t')C^\k, t, t')C^'' [p, t, t')]5{k' + p + q) (199) 
{S'\k\p\q)) = [ dt'{2Tr)''[Tiik,p,q)G'\k,t-t')C'\p,t,t')C^^{q,t,t') 

J — OO 

+Ts{k,p, q)G''\p, t - t')C'\k, t, t')C''^{q, t, t') 

+Tw{k,p, q)G''^{q, t - t')C^\k, t, t')C^\p, t, t')]6{k.' + p + q) (200) 

where Ti{k,p, q) are functions of wavevectors k,p, and q given in Appendix C. 

The Greens functions can be written in terms of "effective" or "renormahzed" viscosity i'{k) and resistivity 7/(fc) 
computed in Section VII D 1 

The relaxation time for C""^(/c, i, t') [C^^{k,t,t')] is assumed to be the same as that of G'^'^{k,t,t') [G^^{k,t,t')\. 
Therefore the time dependence of the unequal-time correlation functions will be 

C""'''''(fc, t, t') = e{t - t') exp {-[u{k),'n{k)]k'^{t - t')) C""'*''(A;, t, t) 

The above forms of Green's and correlation functions are substituted in the expression of {S^-^), and the t' integral 
is performed. Now Eq. (196) yields the following flux formula for n">(fco): 



+n{k,p,q)C^^{k)G^^{q)+Tg{k,p,q)C^^{k)C^^{p)]. (201) 

The expressions for the other fluxes can be obtained similarly. 

The equal-time correlation functions C^"'{k,t,t) and G''^{k,t,t) at the steady-state can be written in terms of one 
dimensional energy spectrum as 

G^^'''\k,t,t) = -^M_k-^d-i)-^u,b^j^^^ 

where Sa is the surface area of d-dimensional unit spheres. We are interested in the fluxes in the inertial range. 
Therefore, Verma substituted Kolmogorov's spectrum [Eqs.(133,134)] for the energy spectrum. The effective viscosity 
and resistivity are proportional to k~^^^, i.e., 

M{k) = {K-f/'n'/'k-'/'y,rj*], 

and the parameters ly* and rj* were calculated in Section VII D 1. 
Verma nondimensionalized Eq. (201) by substituting [102] 
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Table VII: The computed values of energy fluxes in MHD turbulence for various ta when d = 3 and Oo = 0. 



Tl/rA 


5000 


100 


5 


1 


0.5 


0.3 


Trend 




1 


0.97 


0.60 


0.12 


0.037 


0.011 


Decreases 


n^</n 


3.4 X 10"* 


1.7 X IQ-'' 


0.25 


0.40 


0.33 


0.36 


Increases then saturates 


n' n 


-1.1 X 10"^ 


-5.1 X 10"^ 


-0.05 


0.12 


0.33 


0.42 


Increases then saturates 




2.7 X 10"^ 


1.3 X 10"^ 


0.20 


0.35 


0.30 


0.21 


Increases then dips 


K+ 


1.53 


1.51 


1.55 


1.50 


1.65 


3.26 


Approx. const till ta * 0.5 




1.53 


1.50 


1.29 


0.75 


0.55 


0.75 


Decrease 



Application of Eq. (167) yields 

Il§< = {K^f/'U [ (/_^ij2g^ I' d^^^ (V^) l'^^ dw{vwr-'{sinar-'F^<{v, 
where the integrals Fy^{v,w) are 



w] 



Tpb< 



1 



U*{1 + ^2/3 ^ 
1 



[ti{v,w){vw) +t5{v,w)w 3-\-tQ{v,w)v 3] 

[t2{v,w){vw) 



1 -d 



-[t:i{v,w){vwy 



^y*^^;2/3+^*(l+^2/3)L■'<'v-'-n— ; - a 



(203) 



(204) 



(205) 



(206) 



(207) 



Here ti{v,w) = Ti{k,kv,kw)/k'^. Note that the energy fluxes are constant, consistent with the Kolmogorov's picture. 
Vorma computed the bracketed terms (denoted by lyy ) numerically using Gaussian-quadrature method, and found 
all of them to be convergent. Let us denote / = + + /^-^ + Using the fact that the total flux 11 is 



n = n-<+n^< +n-<+n^<, 



constant can be calculated as 



-2/3 



(208) 



(209) 



The energy flux ratios can be computed using n^</n = /y <//. The value of constant K can be computed using 
Eq. (135). The flux ratios and Kolmogorov's constant for c? = 3 and various arc listed in Table VII. 

The following trends can be inferred by studying Table VII. We flnd that for d = 3, n^>/n starts from 1 for large 
ta and decreases nearly to zero near ta = 0.3. All other fluxes start from zero or small negative values, and increase 
up to some saturated values. Near r/i « 1, all the energy fluxes become signiflcant. All the fluxes are positive except 
for n^>, which is negative for va greater than 3 (kinetic energy dominated state). Hence, both kinetic and magnetic 
energies flow from large length scale to small length scale. However, in kinetic energy dominated situations, there 
is an energy transfer from small-scale kinetic energy to large-scale magnetic fleld (Inverse energy cascade) . Negative 
n^"S. for r^i > 3 is consistent with negative value of 77''"* computed in Sec. VII D 1. 

The quantity of special interest is 11^^ , which is positive indicating that magnetic energy cascades from large length- 
scale to small length-scale. The Kolmogorov constant K for c? = 3 is listed in Table VII. For all ta greater than 0.5, 
K is approximately constant and is close to 1.6, same as that for fluid turbulence {rA = 00). 

Verma's method mentioned above cannot be used to compute energy transfer from the large-scale kinetic 
energy to the large-scale magnetic energy because the forcing wavenumbers (large scales) do not obey Kolmogorov's 
powerlaw. Verma [185] attempted to compute these using steady-state assumption 



TTU< 



tt6< 



llb< 
'■'-u>- 
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Table VIII: The computed values of energy fluxes in MHD turbulence for various space dimensions d when = 1 and cTc = 0. 



U/d 


2.1 


2.2 


2.5 


3 


4 


10 


100 






0.02 


0.068 


0.12 


0.17 


0.23 


0.25 


n]:;/n 




0.61 


0.49 


0.40 


0.34 


0.27 


0.25 






-0.027 


0.048 


0.12 


0.18 


0.23 


0.25 


W n 




0.40 


0.39 


0.35 


0.31 


0.27 


0.25 


K+ 




1.4 


1.4 


1.5 


1.57 


1.90 


3.46 






0.69 


0.72 


0.75 


0.79 


0.95 


1.73 



Unfortunately, shell-to-shell energy transfer studies (Section VIII B) reveal that in kinetic regime (r^ > 1), u-shells 
lose energy to 6-shells; while in magnetically dominated situations (r^ < 1), 6-shells lose energy to u-shells. Hence, 
steady-state MHD is not possible except near r 4 = 1. Therefore, Verma's prediction of H^^ based on steady-state 
assumption is incorrect. However, H^^ -|- 11^^; can still be used as an estimate for . 

We compute total kinetic energy flux n« = n^< + n^<, and total magnetic energy flux = n^< + n^< . We find 
that oc (n«)2/3 and £>> oc (n^)^/^ for all ta- Hence, 

^«,b^^i,2(nM)'^'fc-5/', (210) 

where the constants K^'^ are somewhat independent of ta unHke K^. 

Now let us compare the theoretical values with their numerical counterparts reported in Section VI. Haugen et 
al. [75] reported that for E^/E'^ « 0.5, H" « 0.3 and H'' « 0.7. These numbers match with our theoretical values 
very well. However, the preliminary numerical results of Olivier et al. [46] agree with the theoretical values only 
qualitatively. Further numerical simulations are required to test the above theoretical predictions. 

The values of energy flux-ratios and Kolmogorov's constant for various space dimensions (when = 1) are listed in 
Table VIII. In Section VII D 1 it has been shown that for d < 2.2, the RG fixed point is unstable, and the renormalized 
parameters could not be determined. Due to that reason we have calculated fluxes and Kolmogorov's constant for 
d > 2.2 only. For large d it is observed that all the flux ratios are equal, and Kolmogorov's constant is proportional 
to d^^^. It can be explained by observing that for large d 



I- 



dp'dq'f?^) {smaf-\.. ^ d-'/\ (211) 



Sd-i 1 / d 



1/2 



u* =7]* ~ (212) 
ti=-t3 = -t5 = tr = kpd{z + xy), (213) 

and = til = 0. Using Eq. (213) it can be shown that all Fy^ are equal for large d, which implies that all the flux 
ratios will be equal. By matching the dimensions, it can be shown that K oc d~^^^. This result is a generalization of 
theoretical analysis of Fournier et al. [55] for fluid turbulence. 

In this subsection we calculated the cascade rates for ar = 0. In the next subsection we take the other limit (Tr — > 1. 



2. Nonhelical Alfvenic MHD (Hm = Hk = 0, — *■ IJ 



In variables, there are only two types of fluxes 11='=, one for the z+ cascade and the other for z cascade. These 
energy fluxes 0=*= can be computed using 
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Vcrma [185] calculated the above fluxes to the leading order in perturbation series. The Feynman diagrams are given 
in Appendix B. To first order, (S'^(k'|p|q)) are 

(5±(k'|p|q)) = f dt'i2nf[T,s{k,p,q)G^^ik,t-t')C^^{p,t,t')C^^{q,t,t') 

J —OO 



+Ti5{k,p,q)G^^{k,t- 

+Ti6(fc,p, (7)G±=F(fc,i- 
+Ti7(fc,p,g)G±±(p,i- 
+Ti8(fc,p,(7)G±±(p,i- 
+Ti9(fc,p,g)G±T(p,<- 
+T2o{k,p,q)G^^{p,t- 
+T2iik,p,q)G^^{q,t^ 
+T22{k,p,q)G^^{q,t- 
+T23{k,p,q)G^^{q,t^ 
+T2iik,p,q)G^^{q,t- 



-f)C^^ip,t,t')C^^{q,t,t' 
■t')C^^{p,t,t')G^^{q,t,t' 
t')C^^{p,t,t')C^^{q,t,t' 
t')C^^{k,t,t')C^^{q,t,t' 
t')C^^{k,t,t')C^^{q,t,t' 
■t')C^^ik,t,t')C^^iq,t,t' 
■t')C'^'^{k,t,t')C^^{q,t,t' 
t')C^^{k,t,f')C^^{p,t,t' 
t')C^^{k,t,t')C^^{p,t,f 
t')C^^{k,t,t')C^^{p,t,t' 
t')C^^ik,t,t')C^^{p,t,t' 



](5(k'+p + q), 



(215) 



where Ti[k,p,q) are given in Appendix A. 

Verma considered the case when r = E~(k)/E~^{k) is small. In terms of renormalized P matrix, Green's function 
and correlation functions calculated in Section VII D 2, we obtain the following expression for 11='= in leading order in 



where the integrand are 



id 



- i-r^d Jo Ji-v 



w] 



(216) 



F"*" = ti3{v,w){vwy 



-d-2/3_ 



1 



1 



/3*w2/3 ' "i^V-^-ZV— / ^* \^*(l + w2/3) f3-' 

1 1 



+t,,ivMy^-'^-y^^^+tMv,w)n^-'-'^'^ {^(.2/3 + ^2/3) ^.^V3 



+tisiv,w)v' 



-d-2/3" 



P* i/3*(w2/3 + u,2/3) ^* 

a* ( 1 1 



13* i/3*(l+w;2/3) j3*w^l^\ ' 



/J*(l + ^;2/3)' 



(217) 
(218) 



where ti{v,w) = Ti{k, kv, kw)/k^. Here we assumed that = 1. We find that some of the terms of Eq. (215) are of 
higher order, and they have been neglected. 

The bracketed term of Eq. (216), denoted by are computed numerically. The integrals are finite for d = 2 and 
3. Also note that are independent of r. Now the constant of Eq. (216) is computed in terms of they 
are listed in Table IX. The constants K"^ depend very sensitively on r. Also, there is a change of behaviour near 
r = (/~//+)-^ = Vc, < for r < Tc, whereas inequality reverses for r beyond re- 

Many important relationships can be deduced from the equations derived above. For example. 



n- 
n+ 



I- 
1+ 



(219) 



Since are independent of r, we can immediately conclude that the ratio IT /n+ is also independent of r. This is 
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Table IX: The computed values of Kolmogorov's constants for (Tc — > 1 and = 1 limit for various r = E (d = 2, 3). 



d 


r 




K- 




d 


r 


K+ 


R- 




0.17 


1.4 


1.4 






0.1 


1.2 


2.4 




0.10 


2.1 


1.2 






0.07 


1.5 


2.2 


3 


0.07 


2.7 


1.07 




2 


0.047 


1.9 


1.9 




10"^ 


45 


0.26 






10-'^ 


25 


0.52 




0.2 


0.72 


3.1 






10 " 


2480 


0.052 



an important conclusion derivable from the above calculation. From the above equations one can also derive 

= ^^^^^^ (220) 

K- = r-^/^l^ (221) 
K- //^^' 



The total energy cascade rate can be written in terms of E^{k) as 

n = ^(n+ + n-) = ^(7+ + i-){E+{k)f'^k^/^ (223) 

Since are independent of r, 11 is a linear function of r. As expected the energy flux vanishes when r — 0. 

In this section, wc have dealt with strong turbulence. For weak turbulence, Lithwick and Goldreich [105] have 
solved Alfvenic MHD equations using kinetic theory. 



3. Helical nonAlfvenic MHD (Hm t^Q,Hk^ 0, = 0): 



Now we present computation of cascade rates of energy and magnetic lielicity for helical MHD {Hm 7^ 0, Hk 7^ 0) 
[184]. Here d = 3. To simplify the equation, we consider only nonAlfvenic fluctuations (tJc = 0)- We start with the 
flux formulas of energy (Eq. [196]) and magnetic helicity 



ni/„(fco) = 



(27r)'^5(k' + p + q) 



(224) 



The calculation procedure is identical to that of nonhelical nonAlfvenic MHD. The only difference is that additional 
terms appear in (S'^'^(k'|p|q)) (Eq. [197-200]) because terms (ui(k, f)uj(k, f')) and {bi{]s.,t)bj{\s.,t')) contain hehcities 
in addition to correlation functions: 

{Uiip, i)u,(q, t')) = [Pij (p) C"'"(p, t, t') - icijikiHMik, i, t')] 6{p + q) {2nf , 



(6i(p,i)6,(q,i')) = 



D / \/~ibb/ J. ■ 1 HM{k,t,t') 

Pij (p) C™(p, t,t)- tcijiki ^2 



5(p + q)(27r) 
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Substitutions of these functions in perturbative series yield 



{S--{k'\p\q)) 



dt' i2nf [Ti {k,p, q)G'^'' [k, t - i')C"(P, t, t')C''{q, t, t') 

) 

+T[{k,p, q)G--{k, t - t') ^^^^I^' ^'^ ^^^'^I^' ^'^ 
+T^{k,p, q)G-^ip, t - t')C-ik, t, t')C^iq, t, t') 

+TQ{k,p, q)G^^{q, t - t')C^ {k, t, t')G^{p, t, t') 
+n{k,p, q)G-{q, t - ,,)^-(M^^£(^,(k' + p + q) 



(S^Hk'lplq)) = - f dt'{2T,f[T^{k,p,q)G^^{k,t-t')C\p,t,t')G\q,t,t') 

J — OO 



+T^{k,p, q)G''^{k, t - t')HM{p, t, t')HM{q, t, t') 
+Trik,p, q)G'\p, t - t')C-ik, t, t')C\q, t, t') 



+T'j{k,p,q)G {p,t-t)- 



fc2 



HM{q,t,t') 



+T,,{k,p, g)G"«(g, t - t')C"(fc, t, t')C'{p, t, t') 
+T[,{k,p,q)G^-{q,t-t')^^^^^^HM{p,t,t') 



,5(k' + p + q) 



{S'>^{k'\p\q)) = - f dt'{2wf[Tsik,p,q)G''''ik,t-t')C^ip,t,t')G'{q,t,t') 

J —OO 



+n{k,p,q)G'\k,t-t') 



^„HK{p,t, t') 



p^ 



HM{q,t,t') 



+Te{k,p, q)G^"{p, t - f')C\k, t, t')C\q, t, t') 
+U{k,p, q)G''''{p, t - t')HM{k, t, f')HM{q. t, t') 
+Ti2(fc,p, q)G'^\q, t - f!)C\k, t, t')C\p, t, t') 

+Ti^{k,p, q)G'\q, t - t')HM{k, t, t') ^'^ 



p^ 



,5(k' + p + q) 



{S'\k'\p\q)) 



dt'i2n f [Ti{k,p, q)G''\k, t - t')C\p, t, t')C''{q, t, t') 

+Ti{k,p,q)G''{k,t-t')HM{p,t,t')^^^^^^^ 
+n{k,p, q)G^%, t - t')C\k, t, t')C''{q, t, t') 
+nik,p, q)G'"{p, t - t')HM{k, t, t'^EjSiS^ 

q 

+Tw{k,p, q)G^^{q, t - t')C\k, t, t')C\p, t, t') 
+Tio{k,p,q)G^^iq,t- t')HM{k,t,t')HM{p,t,t')\ ^(k' + p + q) 



(225) 



(226) 



(227) 



(228) 



The functions Ti(k,p,q) and Tl{k,p,q) are given in Appendix C. Note that Tl{k,p,q) are the additional terms as 
compared to nonhclical flux (see Eqs. [197-200]). 

The quantity (5^" (k'|p|q)) of Eq. (83) simplifies to 



(5^"(k'|p|q)) = -n[e,,^{bi{k')uj{p)bm{q)) 
-^jlrJ-^ {ui{q)bm{k')bj{p)) 
+ejlm^^ {bi{q)bm{k')uj{p)) 



(229) 
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which is computed perturbatively to the first order. The corresponding Feynman diagrams are given in Appendix C. 
The resulting expression for (^^^^(k'lplq)) is 

(5^"(k'|p|q)) = r dt'{27rf \Ts,{k,p,q)G»''{k,t- t' f^'^^'l ~ ^'^ C\q,t - t') 

J —OO \_ P 

+n2{k,p, q)G'\k, t - t')C-^'^{p, t - t')HM{q, t - t') 
+n3{k,p,q)G''^{p,t- t')HM{k,t- t')C''\q,t- t') 
+Tu{k,p,q)G''^{p,t- t')C^\k,t- t')HMiq,t- t') 
+Ts5{k,p, q)G^\q, t - t')HM{k, t - t')C^''[p, t - t') 

+T:,^{k,p,q)G^\q,t- t')C^\k,t - t')^^I£kllzll 

pi 

+nr{k,p, q)G^\k, t - t')HM{p, t - t')C^'^{q, t - t') 

+Tss{k,p, q)G'\k, t t')C'\p, t t') ^^(l,t-t') 

+T39{k,p, q)G''' (p, t - t')HM (fc, t - (9, t - t') 

+T^o{k,P,q)G''\p,t- t')C^\k,t- 

+T4i{k,p, q)G"''{q, t - t')HM{k, t - t')C''\p, t ~ t') 
+T42{k,p, q)G^''{q, t - t')C''\k, t - t')HMip, t - t')} 

+T,s{k,p, q)G'\k,t- t') ^''^P'l~*'^ C'"'{q,t- t') 

+Tii{k,p,q)G''\k,t- t')C''^{p,t- t')HM{q,t- t')} 
+T45{k,p, 9)G""(p, t - t')HM{k, t - t')C'"'iq, t - t') 
+T4e{k,p,q)G"''{p,t - t')C''\k,t - t')HM{q,t- t') 
+T47(fc, p, q)G''\q, t - t')HM (fc, t - t')C^"'{p, t - t') 

+Tis{k,p, q)G''\q, t - t')C''{k, t - t')^^^^^^^6{k' + p + q) (230) 

For Greens' functions and correlation functions the same substitutions were made as in nonheHcal case. For helicities, 
the following assumptions were made: the relaxation time-scales for HK{k,t,t') and HM{k,t,t') are (z^(A;)A;^)~^and 
{rj{k)k'^)^^ respectively, i.e., 

HK.Mik,t,t') = HK,M{k,t,t)0it-t')e^p{-[iy,f]]k^{t-t')}. 

The spectra of helicities are tricky. In the presence of magnetic helicity, the calculations based on absolute equilibrium 
theories suggest that the energy cascades forward, and the magnetic helicity cascades backward [62]. Verma did not 
consider the inverse cascade region of magnetic helicity, and computed energy fiuxes for the forward energy cascade 
region (5/3 powerlaw). 

The helicities were written in terms of energy spectra as 

HK{k) ^ rKkE^{k) (231) 

HM{k) = rM^^ (232) 

The ratios r^, Tm, and rx were treated as constants. In pure fiuid turbulence, kinetic helicity spectrum is proportional 
to A;~^/^, contrary to the assumption made here. The cascade picture of magnetic helicity is also not quite clear. 
Therefore, Verma [184] performed the calculations for the simplest spectra assumed above. 

The above form of correlation and Green's functions were substituted in the expressions for (S'^'^(fc'|p|g)) and 
{S"'^(k'\p\q)). These S's were then substituted in the fiux formulas (Eqs. [196, 224]). After performing the following 
change of variable: 



(233) 
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Table X: The values of 7# = (n?/n)/(A'")^ '5 calculated using Eqs. (234, 235) for = 1 and 5000. 





T /( = 1 


rA= 5000 




0.19-O.lOr;^ 


0.53 - 0.28r^ 


TU< 

^b> 


0.62 + 0.3r^ + 0.095rxrM 


1.9 X 10"" + 1.4 X lO-^r^ + 2.1 x W'^rKTM 


rb< 
^u> 


0.18 - 2.04r^,^ + 1.93rKrM 


-5.6 X lO"'' - 1.1 x W-'rli + 5.4 x IQ-^rK'rM 


Tb< 


0.54 - 1.9r^ + 2.02rif rM 


1.4 x lO""* - 1.02 X 10-Vm + 5.4 x IO-^vkTm 


Ihm 


-25rM + 0.35rif 


-4.1 X lO-^rM +8.1 X lO-Vif 




0.78 


1.53 



Table XI: The values of energy ratios 11^/11 for various values of rA,rK and tm for k region. The first and second entries 
are the nonhelical and helical contributions respectively. 





ii;;>/ii 


n;;;/ii 


ii;;j,/ii 


iii;yii 


(1,0.1,-0.1) 


(0.13,-6.9 X 10"*) 


(0.43, -4.4 X 10"*) 


(0.13,-0.027) 


(0.37, -0.027) 


(1,0.1,0.1) 


(0.12,-6.5 X 10"*) 


(0.40,8.1 X 10"*) 


(0.12,-7.7 X 10"*) 


(0.35,8.3 X 10"*) 


(1,1,-1) 


(0.029, -0.015) 


(0.095,-9.9 X 10"^) 


(0.028, -0.61) 


(0.083, -0.60) 


(1,1,1) 


(0.12, -0.064) 


(0.39, 0.079) 


(0.12, -0.075) 


(0.34,0.081) 


(1,0, 1) 


(0.081, 0) 


(0.26,0.013) 


(0.078, -0.86) 


(0.23, -0.8) 


(5000,0.1,-0.1) 


(1.0, 
-5.3 X 10"^) 


(3.2 X 10"*, 
-3.7 X 10"^) 


(-9.7 X 10"", 
-9.0 X 10"^) 


(2.5 X 10"*, 
-9.4 X 10"" 


(5000,0.1,0.1) 


(1.0, 
-5.3 X 10"^) 


(3.2 X 10"*, 
3.7 X 10"'^) 


(-9.7 X 10-^ 
9.0 X 10"®) 


(2.5 X 10"*, 
9.4 X 10"®) 



one obtains the following nondimensional form of the equation in the 5/3 region 



ngM(fco) 

mko)\ 



(K")3/2 

1 



ko 



2 



2 Jo 



dv In (1/w) 



l+v 



dw{vw) sin aF^"^ 



l-v 



Y> 



- / dv{l — v) dw{vw) sin aFu^ 
2 Jo Ji-v 



(234) 
(235) 



where the integrands [Fyy ,Fhm) are function of u, w, v* , 77*, rA,rK and tm [185]. 

Verma [184] computed the terms in the square brackets, ly^ , using Gaussian-quadrature method. The constant 
Jf" was calculated using the fact that the total energy flux 11 is sum of all Hy^. For parameters {ta = 5000, rx = 
0.1, rM = -0.1), K" = 1.53, while for (r.4 = L r/c = 0.1, rAf = -0.1), /sT" = 0.78. After that the energy flux ratios 
/n could be calculated. Table X contains these values for = 1 and = 5000. These ratios for some of the 
specific values of ta, tk and Tm are hsted in Table XI. The energy flux has been split into two parts: nonhehcal 
(independent of helicity, the first term of the bracket) and helical (dependent on rx and/or tm, the second term of 
the bracket). 

An observation of the results shows some interesting patterns. The values of nonhelical part of all the flux-ratios 
are quite simflar to those discussed in Section VIII A 1. All the fluxes except W'^tnonheUcai (KtnonheUcai < for 
> 3 ) are always positive. As a consequence, in nonhelical channel, magnetic energy cascades from large scales to 
small scales for rA<3- 

The sign of 11^^^^;^^^^; is always negative, i.e., kinetic helicity reduces the Kinetic energy flux. But the sign of helical 
component of other energy fluxes depends quite cruciafly on the sign of hehcities. From the entries of Table X, we 
see that 



n 



b< 

(6> .u>)helicat 



I = -ar^ + brMVK, 



(236) 



where a and b are positive constants. If rMrn < 0, the large-scale magnetic field wfll get positive contribution from 
both the terms in the right-hand-side of the above equation. The EDQNM work of Pouquet et al. [150] and numerical 
simulations of Brandenburg [22] with forcing (kinetic energy and kinetic helicity) typically have VkTm < 0. Hence, 
we can claim that helicity typically induces an inverse energy cascade via 11^^ and n^>. These fluxes will enhance 
the large-scale magnetic field. 

The hehcal and nonhelical contributions to the fluxes for va = 5000, = 0.1, tm = —0.1 is shown in Table 
XI. The flux ratios shown in the table do not change appreciably as long as > 100 or so. The three fluxes 
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responsible for the growth of large-scale magnetic energj' arc nonhcHcal (n^< » Ill< + ni<)/n w 2.6 x lO^^ and 

heHcal ^b>heiicai/^ ~ — 10~^ and ^'^heiicai/^ ~ — 10~^. The ratio of nonhelical to helical contribution is of the order 
of 10. Hence, for the large-scale magnetic energy growth, the nonhelical contribution is comparable to the helical 
contribution. Note that in the earlier papers on dynamo, the helical part is strongly emphasized, and nonhelical 
component is typically ignored. 

From the entries of Table XI we can infer that the for small and moderate vk and tm, the inverse energy cascade 
into the large-scale magnetic field is less than the the forward nonhelical energy fiux n^<. While for helical MHD 
{txtTm 1), the inverse helical cascade dominates the nonhelical magnetic-to-magnetic energy cascade. 

The flux ratio HhmI^ of Eqs. (235) can be computed using the same procedure. The numerical values of the 
integrals are shown in Tables X and XI. Clearly, 

^Hm {ko) = ^ {-dru + evK) (237) 

where d and e are positive constants. In 5/3 regime, the magnetic helicity is not constant, and is inversely proportional 
to fco. The contribution fromiJM dominates that from Hk and is of opposite sign. For positive Hm, the magnetic 
helicity cascade is backward. This result is in agreement with Frisch et al.'s [62] prediction of an inverse cascade 
of magnetic helicity using Absolute equilibrium theory. Verma's theoretical result on inverse cascade of Hm is in 
agreement with the results derived using EDQNM calculation [150] and numerical simulations [152]. Reader is also 
referred to Oughton and Prandi [141] for the effects of kinetic helicity on the decay of magnetic energy. 

When the system is forced with positive kinetic helicity {rK > 0), Eq. (237) indicates a forward cascade of magnetic 
helicity. This effect could be the reason for the observed production of positive magnetic helicity at small scales by 
Brandenburg [22]. Because of magnetic helicity conservation, he also flnds negative magnetic helicity at large-scales. 
Now, positive kinetic helicity and negative magnetic helicity at large-scales may yield an inverse cascade of magnetic 
energy (see Eq. [236]). This could be one of the main reason for the growth of magnetic energy in the simulations of 
Brandenburg [22]. 

After completing the discussion on energy fluxes for MHD turbulence, we now move on to theoretical computation 
of shell-to-shell energy transfer. 



B. Field-theoretic Calculation of Shell-to-shell Energy Transfer 

Energy transfers between wavenumber shells provide us with important insights into the dynamics of MHD turbu- 
lence. Kolmogorov's fluid turbulence model is based on local energy transfer between wavenumber shells. There are 
several quantitative theories in fluid turbulence about the amount of energy transfer between neighbouring wavenum- 
ber shells. For examples, Kraichnan [86] showed that 35% of the energy transfer comes from wavenumber triads 
where the smallest wave-number is greater than one-half of the middle wavenumber. In MHD turbulence, Pouquet 
et al. [150] estimated the contributions of local and nonlocal interactions using EDQNM calculation. They argued 
that large-scale magnetic energy brings about equipartition of kinetic and magnetic excitations by the Alfven effect. 
The small-scale "residual helicity" {Hk — Hm) induces growth of large-scale magnetic energy. These results will be 
compared with our field-theoretic results described below. 

In this subsection we will compute the shell-to-shell energy transfer in MHD turbulence using field-theoretic method 
[186]. The procedure is identical to the one described for MHD fluxes. We will limit ourselves to nonAlfvenic MHD 
(both nonhelical and helical) . Recall that the energy transfer rates from m-th shell of fleld X to n-th shell of fleld Y 



k'Gn pSm 



The p-sum is over m-th shell, and the k'-sum is over n-th shell (Section III). The terms of S'^'^'s remain the same as 
in flux calculation, however, the limits of the integrals are different. The shells are binned logarithmically with n-th 
shell being (fcos""^, fcos"). We nondimensionalize the equations using the transformation [102] 

a a a 

k = —; p=—v; q=—w, (238) 

u u u 

where a = fcos"~^- The resulting equation is 

^ -^'''7/%^ /' - r ""^^ r^dw{vwf-'{sn.af-'F^^iv,w), (239) 

n {d- lySd Js-i u Jus"--'^ J[i-v[ 



77 



whereF^'^(w, w;) was computed for helical nonAlfvenic MHD flows (see Eq. [234]). It includes both nonhelical 
^nonheiicaii''^'''^) ^^'^ heHcal -F)^HcaZ ^) componeiits. The renormalized parameters , X* and Kolmogorov's con- 
stant required to compute /H are taken from the previous calculations. From Eq. (239) we can draw the 
following inferences: 

1. The shell-to-shell energy transfer rate is a function oi n — m, that is, <I>„„i = ^(n-i)(m-i)- Hence, the turbulent 
energy transfer rates in the inertial range are all self-similar. Of course, this is true only in the inertial range. 

2. T^^/n = — T^/n. Hence T^J^/H can be obtained from T^^/H by inversion at the origin. 

3. Hy^ = X^„=TO-i-i ~ ^)'^nm ■ 

4. Net energy gained by a 7i-slicll from u-to-u transfer is zero because of self similarity. However, a ii-shell can gain 
or lose a net energy due to imbalance between u-to-6 and b-to-u energy transfers. By definition, we can show 
that net energy gained by an inertial M-shell is 

J2iTn'm-T!:"J+T;:l (240) 
n 

Similarly, net energy gained by a 6-shell from b-to-b transfer is zero. However, net energy gained by an inertial 
6-shell due to u-to-6 and 6-to-u transfers is 

Efc-O+^'n- (241) 

n 

We compute the integral of Eq. (239). we describe the results in two separate parts: (1) nonhelical contributions, (2) 
helical contributions. 



1. Nonhelical Contributions: 

We compute nonhelical contributions by turning off kinetic and magnetic helicities in F^-^ . We have chosen 
s = 2^/*. This study has been done for various values of Alfven ratios. Fig. 24 contains plots of /II vs n — m 
for four typical values of = 0.5,1,5,100. The numbers represent energy transfer rates from shell m to shells 
m + l,m + 2, ...in the right, and to shells m — 1, m — 2, ... in the left. All the plots are to same scale. For ta = 0.5, 
maxima of T^^/H and T^^/Il occurs at m = n, and its values are ±1.40 respectively. The corresponding values for 
ta = 5 are =f0.78. By observing the plots we find the following interesting patterns: 

1. T"^/n is positive for n > m, and negative for n < m. Hence, a u-shell gains energy from smaller wavenumber 
u-shells, and loses energy to higher wavenumber tt-shells, implying that energy cascade is forward. Also, the 
absolute maximum occurs for n = m ± 1, hence the energy transfer is local. For kinetic dominated regime, 
s = 2^2 yields T^^/n w 34%, similar to Kraichnan's Test Mean Field model (TFM) predictions [86]. 

2. T^^/n is positive for n > m, and negative for n < m, and maximum for n = m± 1. Hence magnetic to magnetic 
energy transfer is forward and local. This result is consistent with the forward magnetic-to-magnetic cascade 
(nj;< > O) discussed in Section VHI A 1. 

3. For > 1 (kinetic energy dominated), kinetic to magnetic energy transfer rate T^J^/H is positive for n > m— 1, 
and negative otherwise. These transfers have been illustrated in Fig. 25(a). Using Eq. (241) we find there is a 

net energy transfer from kinetic to magnetic, and the net energy transfer rate decreases as we go toward ta = 1. 
Here, each u-shell loses net energy to 6-shells, hence the turbulence is not steady. This phenomena is seen for 
all rA > 1. 

4. For rA = 0.5 (magnetically dominated), magnetic to kinetic energy transfer rate T"^/n is positive for n > m—1, 
and negative otherwise (see Fig. 24). There is a net energy transfer from magnetic to kinetic energy; its 
magnitude decreases as rA ^ In addition, using Eq. (240) we find that each 6-shell is losing net energy to 
u-shells, hence the turbulence cannot be steady. This phenomena is seen for all ta < 1- 

5. The observations of (3) and (4) indicate that kinetic to magnetic or the reverse energy transfer rate almost 
vanishes near = 1. We believe that MHD turbulence evolves toward ta ~ 1 due to above reasons. For ta 7^ 1, 
MHD turbulence is not steady. This result is same as the prediction of equipartition of kinetic and magnetic 
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Figure 24: Theoretically calculated values of /H vs. n — m for zero helicities (uc = vk = vm = 0) and Alfven ratios 
VA = 0.5,1,4, 100. 




Figure 25: Schematic illustration of nonhelical T^m in the inertial range for (a) kinetic-energy dominated regime, and (b) 
magnetic-energy dominated regime. In (a) T^^/Il is positive for n > m — 1, and negative otherwise, while in (b) T^^/II is 
positive for n > m — 1, and negative otherwise. and T*^ is forward and local. 
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Figure 26: Theoretically calculated values of helical contributions to /H vs. n — m in helical MHD with va = l,rK = 
0.1, tm = —0.1 and Uc = 0. 



energy due to Pouquet et al.'s using EDQNM calculation [150]. Note however that the steady-state value of ta 
in numerical simulations and solar wind is around 0.5-0.6. The difference is probably because reahstic flows have 
more interactions than discussed above, e. g., nonlocal couphng with forcing wavenumbers. Careful numerical 
simulations are required to clarify this issue. 

6. When rA is not close to 1 (r^ < 0.5 or ta > 5), u-to-b shell-to-shell transfer involves many neighbouring shells 
(see Fig. 24). This observation implies that u—b energy transfer is somewhat nonlocal as predicted by Pouquet 
et al. [150]. 

7. We compute energy fluxes using T,^, and flnd them to be the same as that computed in Section VIII A 1. 
Hence both the results are consistent with each other. 

After the above discussion on nonhelical MHD, we move to hehcal MHD. 



2. Helical Contributions: 



Now we present computation of shell-to-sheh energy transfer for hehcal MHD {Hm 0, Hk ^ 0) [184]. To simplify 
the equation, we consider only nonAlfvenic fluctuations (ctc = 0). In order to compare the helical contributions with 
nonlocal ones, we have chosen = 1, rx = 0-1, tm = —0.1. These arc also the typical parameters chosen in numerical 
simulations. For these parameters, Kolmogorov's constant = 0.78 (Section VIII A 3). In Figure we have plotted 
T^^/n vs n — m. Our results of hehcal shell-to-shell transfers are given below: 

1. Comparison of Fig. 26 with Fig. 24 {rA = 1) shows that helical transfers are order-of-magnitude lower that 
nonhehcal ones for the parameters chosen here {va = l,rK = 0.1, vm = —0.1). When the helicities are large 
(tk 1, tm ^ — 1), then the helical and nonhelical values become comparable. 
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2. All the helical contributions arc negative for n > m, and positive for n < m. Hence, helical transfers are from 
larger wavenumbers to smaller wavenumbers. This is consistent with the inverse cascade of energy due to heHcal 
contributions, as discussed in VIII A 3. 

3. We find that T^^_ 

-helical '^nm-helicai significant positive values for —50 < n — m < 0. This signals a 
nonlocal b-to-b and u-to-b inverse energy transfers. Hence, helicity induces nonlocal energy transfer between 
wavenumber shells. This is in agreement with Pouquet et al.'s result [150] that "residual helicity" induces growth 
of large-scale magnetic field by nonlocal interactions. 

With this we conclude our discussion on shell-to-shell energy transfer rates in MHD turbulence. 



C. EDQNM Calculation of MHD Turbulence 

Eddy-damped quasi-normal Markovian (EDQNM) calculation of turbulence is very similar to the field-theoretic 
calculation of energy evolution. This scheme was first invented by Orszag [140] for Fluid turbulence. Pouquet et al. 
[150] were the first to apply EDQNM scheme to MHD turbulence. Grappin et al. [72, 73], Pouquet [148], Ishizawa 
and Hattori [78] and others have performed further analysis in this area. In the following discussion we will describe 
some of the key results. 

In 1976 Pouquet et al. [150] constructed a scheme to compute evolution of MHD turbulence. See Pouquet et al. 
[150] for details. Here Navier-Stokes or the MHD equations are symbolically written as 



(J^ + Ce^X{k,t)= X(p,i)X(q,t), 



p-|-q=k 



where X stands for the fields u or b, X{p,t)X{q,t) represents all the nonlinear terms, and ^ is the dissipation 
coefficient {v or ij) . The evolution of second and third moment would be 



2Ck'){X{k,t)X{-k,t)) = ^ (X(-k,<)X(p,<)X(q,f)) (242) 

p-Fq=k 



dt 



(1 + + + ^'^) = ^ 

^ ' p-Fq-|-r-|-s=0 

If X were Gaussian, third-order moment would vanish. However, quasi-normal approximation gives nonzero triple 
correlation; here we replace (XXXX) by its Gaussian value, which is a sum of products of second-order moments. 
Hence, 

{X{-k,t)X{p,t)X{ci,t)) = f drexp-C{k^+p^ + q^){t-T) ^ 

P + q=k 

[(X(q, r)X(-q, r)) (X(p, r)X(p, r)) + ...], 

where ... refers to other products of second-order moments. The substitution of the above in Eq. (242) yields a closed 
form equation for second-order correlation functions. Orszag [140] discovered that the solution of the above equation 
was plagued by problems like negative energy. To cure this problem, a suitable linear relaxation operator of the 
triple correlation (denoted by jjl) was introduced (Eddy-damped approximation). In addition, it was assumed that the 

characteristic evolution time of {XX) {XX) is larger than {fikpq + + q^)) (Markovian approximation). As 

a result Pouquet et al. obtained the following kind of energy evolution equation 

2CkA{X{k,t)X{-k,t))= Jdp9kpgit) J2 [{X{q,t)Xi-q,t){X{p,t)X{-p,t) + ...], (243) 

p4-q=k 



d_ 
dt 



where 



0kpq{t) = (1 - exp-(/ife + ldp + ^q)t) I (Hk + IJ,p+ llq) 
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with 

dq{E^{q)+E\q))qA + U j ^ dqE\q)\ . (244) 

The first, second, and third terms represent viscous and resistive dissipation rate, nonlinear eddy-distortion rate, and 
Alfven effect respectively. Pouquet et al. [150] also wrote the equations for kinetic and magnetic hclicities, then they 
evolved the equations for appropriate initial spectra and forcing. Note that homogeneity and isotropy are assumed in 
EDQNM analysis too. 

The right-hand side of Eq. (243) is very similar to the perturbative expansion of S{k\p\q) (under t oo). The 
term fXk of Eq. (244) is nothing but the renormahzed dissipative parameters. Thus, field-theoretic techniques for 
turbulence is quite similar to EDQNM calculation. There is a bit of difference however. In field-theory, we typically 
compute asymptotic energy fluxes in the inertial range. On the contrary, energy is numerically evolved in EDQNM 
calculations. 

To obtain insights into the dynamics of turbulence, Pouquet et al. [150] computed the contributions of local and 
nonlocal mode interactions. In their convention local meant triads whose largest wavenumber is less than double of 
the smallest wavenumber. In a triad {k,p,q) with k < p < q, a. locality parameter a is deflned using inequalities 
k > p/a and q < ap. Also note that Pouquet et al.'s flow is nonAlfvenic (cc = 0). 

The main results of Pouquet et al.'s [150] are as follows: 



1. Pouquet et al. on Nonhelical Flows (H = H =Q) 

In these flows an inertial-range develops with a cascade of energy to small scales. To the lowest order, the energy 
spectra was -3/2 powerlaw with an equipartition of kinetic and magnetic energy. There was a slight excess of magnetic 
energy with spectral index equals to —2. 

Pouquet et al. studied the local and nonlocal interactions carefully. Local interactions cause the energy cascade, 
but the nonlocal ones lead to an equipartition of kinetic and magnetic energies. They obtained the following evolution 
equations for energies: 



d,E^U = -fcP, {E^ - E^) , d,E^U = kTk {E^ - E^) , 

where Tk ^ [E'^Y/'^ ^ Ca- Here nl stands for nonlocal effect. The above equations clearly indicate that kinetic and 
magnetic energy get equipartitioned. 

Note that equipartition of kinetic and magnetic energy is also borne out in our field-theoretic calculation (based 
on shell-to-shcll energy transfer). However, field-theoretic calculation shows that nonhelical MHD has predominantly 
local energy transfer. 



2. Pouquet et al. on Helical Flows 

When kinetic helicity is injected, an inverse cascade of magnetic helicity is obtained leading to the appearance of 
magnetic energy and helicity at larger scales. At smaller wavenumbers magnetic helicity converges to a quasi-stationary 
spectrum with spectral index of -2 . Pouquet et al. derived the following evolution equations: 

otEk \ni -a^k H^. , dtHf. \ni — aj. % , 

with 

o^k=-\ e,,,{H^-q^H^)dq. 

<5 Jk/a 

is called residual helicity. Pouquet et al. provide the following argument for magnetic energy growth at smaller 
wavenumbers. They argue that the inverse-cascade process results from the competition between helicity and Alfven 
effect. The residual helicity in the energy range (say k ^ ks) induces a growth of magnetic energy and helicity 
at smaller wavenumber, say at A; ^ fc£;/2, due to hehcity effect. However, growth of helicity near ks/'^ tends to 
reduce residual hehcity due to Alfven effect. As a combined effect, the inverse cascade advances further to smaher 
wavenumbers. 
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Our field-theoretic calculation predicts inverse magnetic-energy cascade due to hclicitj^ The dependence of growth 
rate of magnetic energy on Hk,m are qualitatively similar, however, there are quantitative differences (see Eq. [236]). 
Our field-theory calculation show nonlocal energy transfer for heHcal MHD similar to those obtained in EDQNM 
calculations. However, the present field-theoretic calculation cannot take into account helicities with both signs; this 
feature needs further examination. 

Brandenburg [22] studied the above process using direct numerical simulation. His results are in qualitative agree- 
ment with the EDQNM calculations. 

3. Grappin et al. on Alfvenic MHD flows 

Grappin et al. [72, 73] applied EDQNM scheme to Alfvenic MHD (ctc ^ 0). They claimed that the spectral 
exponents deviate strongly from KID's 3/2 exponent for strongly correlated fiows {m~^ 3 and m~ 0). Also refer 
to Section IV B 3 for some of the phenomenological arguments of Grappin et al. 

Let us compare Grappin et al.'s energy evolution equation (Table 2 of [72]) with our field-theoretic analysis of 
Alfvenic MHD (see Eq. [215]). Clearly, Grappin et al.'s relaxation time-scale is much more simplified, and all 
terms of expansion are not included. Also, choice of KID's 3/2 powerlaw for energy spectrum is erroneous. These 
assumptions lead to inconsistent conclusions, which do not appear to agree with the numerical results and the solar 
wind observations. 



4 . ED QNM for 2D MHD Flows 

Pouquet [148] applied EDQNM scheme to 2D MHD turbulence. She found a forward energy cascade to small scales, 
but an inverse cascade of squared magnetic potential. She also claimed that small-scale magnetic field acts like a 
negative eddy viscosity on large-scale magnetic field. 

Ishizawa and Hattori [78] also performed EDQNM calculation on 2D MHD and deduced that the eddy diffusive 
parameters z/"" < 0, i/"'' > 0, and v''" < (see Section VII D 1 for definition). However, v'''' is positive if E''{p) decays 
faster than for large p, which would be the case for Kolmogorov-liko flows. The above results are consistent with 
Dar et al.'s [45] numerical findings for 2D MHD. Thus Ishizawa and Hattori's [78] and Dar et al. [45] results that 
v^^ > are inconsistent with the Pouquet's above conclusions. 

Here we close our discussion on EDQNM and energy fiuxes. In the next section we will discuss spectral properties 
of anisotropic MHD turbulence. 

IX. FIELD THEORY OF ANISOTROPIC MHD TURBULENCE 

In Section IV we had a preliminary discussion on anisotropy in MHD turbulence. In this subsection, we will 
apply field-theoretic techniques to anisotropic turbulence. The main results in this area are (1) Galtier et al.'s weak 
turbulence analysis where E{k) oc k~^, and (2) Goldreich and Sridhar's theory of strong turbulence where 

E(fc^,fcii)~nV3fc-i%(^i,/Af). 

Here we will describe their work. For consistency and saving space, we have reworked their calculation in our notation. 
In fiuid turbulence, Carati and Brenig [30] applied renormalization-group method for anisotropic fiows. 

A. Galtier et aL's weak turbulence analysis: 

We start with Eq. (214). To first order (S'^(k'|p|q)) has many terms (see Eq. [215]). However, we take = 
and (z"'"(k) • z~(k)) = 0, which yields the following two nonzero terms: 

(S'+(k'|p|q)) = -9 / dt' I rfp'rfq'[ 

k',{-iMj,,{k'))G++{k', t - t') (^r(q, f)^-(q', t')) {z+{p, t)z+{p', t')) 
+kli-iMjM)G++{p,t-t') (^r(q,t)^-(q',t')) (zf{k',t)z+{p',t'))] (245) 
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Note that k' = -k, and (S'+(k'|p|q)) = (S'-(k'|p|q)). 

Because of Alfvenic nature of fluctuations, the time dependence of Green's function and correlation function will 

be 



zfik',t')) = eit-t')cf.-- 



{zf{k,t)zf(k',t')) = ^(t-i')<^^±(k,t,i)exp[±ik-Bo(t-0]- 



The anisotropic correlation correlations C^^Ck^tjt) is written as 



Cfj^iKt,t) = (27r)''^(k + k') fp,,(k)Ci(fc) +4.(k',n)C2(fc) 



(246) 



with 



P^ik, n) = (n. - ^k?j (^n, (247) 

Here n is the unit vector along the mean magnetic field. Along ti and t2 of Fig. 1, the correlation functions are 
Cii = Ci(fc) + C2(fe)sin^6' and C22 — Ci(fc) respectively. These functions are also called poloidal and toroidal 
correlations respectively, and they correspond to Galtier et al.'s functions $ and ^. The substitutions of the above 
expressions in Eq. (245) yields (^^(k'lplq)) in terms of Ci,2(A;). 
The dt' integral of Eq. (245) is 



/ dt'0{t-t')exp[i{-\s. + p-<i)-Bo{t-t')] = 

J —CO 



1 — exp i(— g||i3o + i^)t 
i{-2q\\Bo + ie) 

= «Pr;7^+7r5(2«||So), (248) 



where Pr stand for Principal value, and e > 0. In the above calculation we have taken t oc' limit. Note that the 
above integral makes sense only when e is nonzero. When dt' integral is substituted in Eq. (245), (^^(k'lplq)) will 
be nonzero through TrS{2q^^Bo) of Eq. (248). The term 6{q\\) in (5'+(k'|p|q)) indicates that the energy transfer in 
weak MHD takes place in a plane formed by p_L and kj^, as seen in Fig. 7. Energy transfer across the planes are not 
allowed in weak MHD turbulence. 

Galtier et al. [63] correct KID phenomenological model, and Sridhar and Goldreich's argument discussed in Section 
IV. The d.t' integral provides inverse of the effective timescale for the nonlinear interaction. KID's model assumes 
it to be (kBo)^^, differing from the corrected expression d{q^^Bo) of Galtier et al. If we wrongly set e to zero in Eq. 
(248), the dt' integral will be zero, and from Eq. (245) (S'"'"(k'|p|q)) will become zero; this was the basic argument of 
Sridhar and Goldreich's [166] claim that the triad interaction is absent in weak MHD turbulence. Galtier et al. [63] 
modified Sridhar and Goldreich's argument by correctly performing the dt' integral. 

Galtier et al. [63] also observed that since the energy transfer is in a plane perpendicular to the mean magnetic 
field, the perpendicular components of interacting wavcnumbers are much larger than their corresponding parallel 
component. Geometrically, the wavenumber space is pancake-hke with a spread along k± {k^/kx 0) . This 
simplifies Eq. (247) to 



and yields 



i^(n,k) = muj, 



(5+(k'|p|q)) = - y') [1 + + C2(p)/C,{q)] Cr{q) [CM ' Ci(fc±)] • (249) 



Now we substitute the above expression in Eq. (214) and obtain the following expression for the fiux: 
n ~ 1 dkl dq!^fci(l - y^) [l + z^ + C2(p)/Ci(g)] Ci(q) [Ci(p) - Ci(k)] 

= |y dkx j dqxd(Z||^^^fci(l - y^) [l + z^ + C2(p)/Ci(g)] Ci(q) [Ci(p) - Ci(k); 
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The above energy transfer process has cylindrical symmetry, and the term within the curly bracket represents the 
energy flux passing through circles in the perpendicular planes (see Fig. 7). Under steady state, the energy flux 
passing through any circle should be independent of its radius. This immediately implies that 

n~ fc||fciCi2(k)/So- 

The correlation functions Ci,2(k) is essentially cylindrical, hence Ci^2(fc±,fc||) = Ei^2{k±)/{2nk±k\^). Therefore, 

Ei,2{k±) - {UBof' k^^^^Z^ (250) 

This was how Galtier et al. [63] obtained the kj^ energy spectrum for weak turbulence. The above derivation differs 
from Galtier et al. on one count. Here we have used constancy of flux rather than applying Zakharov transform. 
Both these conditions ensure steady-state turbulence. 

Now let us look at the dynamical equation once more. In one Alfven timescale, the fractional change in Zkj_ induced 
by collision is [69] 

Zk± K||-O0 

When X is small (or Zkj_ is small), we have weak turbulence theory. However, when Szkj_ > Zkj_ (x > l)i the fluctuations 
become important; this is called strong turbulence limit, which will be discussed in the next subsection. 



B. Goldreich and Sridhar's Theory for Strong Anisotropic MHD Turbulence: 

Goldreich and Sridhar (GS) [69] have studied MHD turbulence under strong turbulence limit. From Eq. (250) we 

— 1/2 

can derive that ^ kj_ ' . Therefore, according to GS theory, x will become order 1 for large enough k±. However, 
when the energy cascades to higher k± (x ^ 1), fc|| also tends to increase from its initial small value of L^^ because 
of a "nonlinear renormalization of frequencies" [69]. Hence, the parameter x approaches unity from both sides with 
k±Zk^^ ^ k\\Bo; this was termed as "critical balanced state". 

For strong turbulence, Goldreich and Sridhar [69] included a damping term with the following eddy damping rate 



r,{k)=7jokl [k\iE{k,t)] 



1/2 



where r/o is a dimensionless constant of order unity. Then they attempted the following anisotropic energy spectrum 
for the kinetic equation 

C(k) = Afcl(^+«V(fc|i/A4)- 
Here we state Goldreich and Sridhar's result [69] in terms of energy flux, 

n(fco) ~ Jdk'Jdp^ i-i)kluiv, w)C{ci)iCip) - C(k)) ^^j^^ 

~ 1 1 dk^dk^^dp^dp^^klp^C{ci){C{p) -Cik))^^^^^^^^. (252) 

Since co ~ k^Bo, the constraint that r/(k)/a;(k) is dimensionless yields 

^ = 2 - /x/2. (253) 
Now constraint that n(A;o) is independent of ko provides 

6 - 3^ - 2/i = 0. (254) 

The solution of Eqs. (253, 254) is 

M = 8/3, ^ = 2/3. 

Therefore, 



kf' 
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Here L is the large length scale. The factors involving 11 and L have been deduced dimensionally. Note that the 
exponent 10/3 appears because of k']^^^ / {k±_k\\). 

The damping term r/(k) has been postulated in GS model. Verma [180] attempted to deduce a similar term using 
RG procedure in "random mean magnetic field" (see Section VII C). Extension of Verma's model to anisotropic 
situation will shed important insights into the dynamics. The "critical balanced state" in the inertial range is based 
on phenomenological arguments; it will be useful to have analytic understanding of this argument. 

Let us contrast the above conclusions with the earlier results of Kraichnan [85] and Iroshnikov [77] where effective 
time-scale is determined by the mean magnetic field Bq, and the energy spectrum is k~^/'^. Kraichnan's and Irosh- 
nikov's phenomenology is weak turbulence theory under isotropic situations. This is contradictory because strong 
mean magnetic field will create anisotropy. This is why 3/2 theory is inapphcable to MHD turbulence. 

There are many numerical simulations connected to anisotropy in MHD turbulence. Matthaeus et al. [116] showed 
that anisotropy scales linearly with the ratio of fluctuating to total magnetic field strength (h/Bo), and reaches the 
maximum value for b/Bo !v 1. Hence, the turbulence will appear almost isotropic when the fluctuations become of 
the order of the mean magnetic fleld. In another development, Cho et al. [35, 37] found that the anisotropy of eddies 
depended on their size: Along the "local" magnetic field lines, the smaller eddies are more elongated than the larger 
ones, a result consistent with the theoretical predictions of Goldreich and Sridhar [69, 166]. 

After studying anisotropic turbulence, we move on to the problem of generation of magnetic field in MHD turbu- 
lence. 



X. MAGNETIC FIELD GROWTH IN MHD TURBULENCE 

Scientists have been puzzled by the existence of magnetic field in the Sun, Earth, galaxies, and other astrophysical 
objects. It is believed that any cosmic body that is fiuid and rotating possess a magnetic field. It is also known that 
the cosmic magnetic field is neither due to some permanent magnet, not due to any remnants of the past. Scientists 
believe that the generation of magnetic field is due to the motion of the electrically conducting fiuid within these 
bodies such that the fiow generated by the inductive action generates just those current required to provide the same 
magnetic field. This is positive feedback or "bootstrap" effect (until some sort of saturation occurs), technically known 
as "dynamo" mechanism. Larmer [98] was the first scientist to suggest this mechanism in 1919. 

A quantitative implementation of the above idea is very hard and still unsolved because of the nonlinear and 
dynamic interactions between many scales involved. There are many important results in this challenging area, but 
all of them cannot be discussed here due to lack of space. In this paper we will focus on some of the recent results on 
dynamic dynamo theory. For detafled discussion, refer to books by Moffatt [126], Krause and Radler [91], and recent 
review article by Gilbert [67], and Brandenburg and Subramanian [25]. The statements of some of the main results 
in this area are listed below. 

1. Larmer (1919) [98]: He was first to suggest that the self-generation of magnetic field in cosmic bodies may be 
possible by bootstrap mechanism: magnetic field driving currents, and then currents driving the magnetic field. 

2. Cowling (1934) [42]: The above idea of Larmer was shaken by Cowling who showed that steady axisymmetric 
magnetic field could not be maintained by axisymmetric motions. The above statement is called "anti-dynamo" 

theorem. It has been shown that dynamo action is absent in two-dimension fiows and other geometries as well. 
Therefore, for dynamo action, the field and flow have to be sufficiently complicated, breaking certain symmetries. 

3. Elsasser (1946) [50]: He considered conducting fluid within a rigid spherical boundary with a non-axisymmetric 
velocity fleld. He emphasized the importance of differential rotation and non-axisymmetric motion for dynamo 
action. 

4. Parker (1955) [144]: He showed that in the Sun, buoyantly rising or descending fluid wfll generate a helical flow 
under the influence of Coriolis force. Hehcity and differential rotation in a star can produce both toroidal and 
poloidal magnetic fleld. 

5. Steenbeck, Krause and Radler (1966) [168], Braginskii (1964) [20, 21]: They separated the flelds into two part, 
the mean and and the turbulent, using scale separation. The evolution of the mean magnetic fleld was expressed 
in terms of mean EMF obtained by averaging the turbulent flelds. In this model, known as kinematic dynamo, 
the random velocity fleld generates magnetic fleld, but the "back-reaction" of magnetic fleld on velocity fleld was 
ignored. Here the growth rate of magnetic fleld is characterized by a parameter called "alpha" parameter, which 
is found to be proportional to kinetic helicity. See Section X A 1. 



86 



6. Pouquet et al. (1976) [150]: They solved full MHD equations using EDQNM approximation, hence keeping the 
effect of back-reaction of magnetic field on velocity field. Thus, their model is dynamic. Pouquet et al. found 
that the growth of the magnetic field is induced by "residual helicity", which is the difference of kinetic helicity 
and magnetic helicity. 

7. Kulsrud and Anderson (1992) [94]: They solved the equation for energy spectrum when kinetic energy dominates 
the magnetic energy (kinematic dynamo). They claimed that the small-scale magnetic energy grows very fast, 
and get dissipated by Joule heating. This process prevents the growth of large-scale magnetic field. 

8. Chou [40] and Recent Numerical Simulations (~ 2000) : Chow and others have performed direct numerical 
simulations of dynamo like situations, and studied the growth of magnetic field. For small-scale seed magnetic 
field, the numerical results are in agreement with those of Kulsrud and Anderson in early phase, but differ 
widely at later times. For large-scale seed magnetic field, the magnetic energy grows with the time-scale of the 
largest eddy. 

9. Brandenburg (2001) [22]: Brandenburg investigated the role of magnetic and kinetic helicity in dynamo mecha- 
nism. He found a buildup of negative magnetic helicity and magnetic energy at large-scales. He has also studied 
the fiuxes of these quantities. 

10. Recent theoretical Development (~ 2000): Field et al. [53], Chou [39], Schekochihin et al. [159] and Black- 
man [19] have constructed theoretical models of dynamics dynamo, and studied their nonlinear evolution and 
saturation mechanisms. Verma [184] used energy fluxes in nonhelical and helical MHD to construct a dynamic 
model. 

The items (6,8,9,10) are based on dynamic models. 

In dynamo research, there are calculations of magnetic field growth in specific geometry of interest, e. g., solving 
MHD equations in a spherical shell to mimic solar dynamo. In addition there are papers addressing fundamental 
issues (e.g., role of helicity), which are appHcable to all geometries. Most of the calculations of the later type assume 
turbulence to be homogeneous and isotropic, and use turbulence models for predictions. This fine of thinking is valid 
at intermediate scales of the system, and expected to provide insights into the dynamics of dynamo. In this paper we 
will focus on calculations of the later type. 

We divide our discussion in this section on two major parts: Kinematic dynamo, and Dynamic dynamo. 



In MHD velocity and magnetic field affect each other. The early models of dynamo simplified the dynamics by 
assuming that a fully-developed turbulent velocity field amplifies a weak magnetic field, and the weak magnetic field 
does not back-react to modify the velocity field. This assumption is called Kinematic approximation, and the dynamo 
is called kinematic dynamo. In this subsection, we discuss kinematic dynamo models of Steenbeck et al. [168] and 
Kulsrud and Anderson's [94]. Note that kinematic approximation breaks down when the magnetic field has grown to 
sufficiently large value. 



Steenbeck et al. [168] separated the magnetic field into two parts: B on large scale L, and b at small scale I 
(B = B -|- b), and assumed that I <^ L. They provided a formula for the growth rate of B under the infiuence of 
homogeneous and isotropic random velocity field. 

Steenbeck et al. averaged the fields over scales intermediate between L and I; the averages are denoted by (.). Now 
the induction equation can be separated into a mean and a fiuctuating part. 



A. Kinematic Dynamo: 



1. Steenbeck et al.'s model for a -effect 



dB 
'dt 

dh 
'dt 



V X (u X B) -I- V X (u X b - (u X b)) -I- r?V^b, 



(255) 



(256) 



where the mean electromotive force (EMF) e is given by 



e = (u X b) . 
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Steenbeck et al. assumed b to be small, hence neglected the second term of Eq. (256). Eq. (256) is linear, with a 
source term proportional to B. For a given random velocity field, b is linear in B. Therefore, the mean EMF will 
also be Hnear in B, and is written in the form 

Si = aijBj + PijkdhBj. 

Here and l3ijk are pseudo-tensors. For homogeneous, isotropic, and random u(x, t) field varying with time scale 
r, it can be shown that [126] 

a = -lr(u-Vxu), (3 = K (^\uf 

See Moffatt [126], Krause and Radler [91], and Gilbert [67] for the growth rate as a function of a and /?. This model 
has been used to study the evolution of large-scale magnetic field in the Sun and other cosmic bodies (see Gilbert [67] 
for details). 

In this kinematic dynamo theory, the magnetic field does not react back to affect the velocity field. In reality, 
however, when magnetic field has grown to some level, it affects the velocity field by Lorentz force. Therefore, alpha 
is modified to 

1 

a = uq- 



l + c\B\ /B, 



eq 



where Beq is the saturation value of the magnetic field, and c is a constant. 

Kulsrud and Anderson [94] studied the evolution of energy spectrum of b under the infiuence of random velocity 
field using analytical technique. We will describe their results in the next subsection. 

2. Kulsrud and Anderson's Model for the Evolution of Magnetic Energy Spectrum 
The equations for magnetic energy spectrum were derived in Section III G as 

In Section VIII we computed i^S^'^ (k,p,q)) using field-theory technique. Substitution of iS"s in the above yields an 
equation of the following form. 



d_ 
dt 



+ 27]k'^^ C'''' {\<i,t) = Const J dt' J dp[T{k,p,q)G''''{k,t-t')C''\p,t,t')C''''{q,t,t') 

+T{k,p, g)G""(fc, t - t')C^\p, t, t')C'\q, t, t')] (257) 
Kulsrud and Anderson (KA) [94] made the following assumptions to simplify the above equation: 

1. the second term of Eq. (257) was dropped because C^^{q) <C C""(g'). 

2. The velocity field was assumed to uncorrelated in time, i.e., 

HK{.ky 



(Ui(k,t)Uj(k',f')) 



Pi,(k)C™(fc)-zey,fcr 



fc2 



5{\^ + \i!)5(t-t'). 



3. q <^ k, so that the integral of Eq. (257) could be performed analytically. Note that this is an assumption of 
nonlocality and scale separation. 

Under the above assumptions, KA could reduce the Eq. (257) to 

^^^= j K^{k,p)E\p,t)dp-2e'^E\k,t)-2e^E\k,t) (258) 

where 

C""(g) 



Km{k,p) ~ k'^ j d0 sin^e {k"^ +p^ -kp cose) 
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with g = (A:^ - 2kpcosey/^. 

Using the definition that the total magnetic energy = J E''{k)dk, KA deduced that 



dt 

where 



^ - J d(\HK{q)- 

By assuming q^k, KA expanded p near fc, and obtained (by integrating by parts) 

From the above equation KA deduced that 

E\k) ~ e/^f{k/kR) exp [(3/4)7f] 

for k much less than the resistive wavenumber kpi « (4777/77)-'^/^. The fluctuating magnetic energy will flow to small 
scales, and then to ka, and get dissipated by Joule heating. Thus, according to KA, magnetic energy at large length 
scale does not build up. 

Chou [40] performed numerical simulation to test KA's predictions. He flnds that in early phase, E[k) oc fc^/^, and 
that energy grows exponentially in time, thus verifying KA's model prediction. However, at later phase of evolution, 
the magnetic field back-reacts on the velocity field. Consequently, the energy growth saturates, and the energy 
spectrum also evolves differently from k^^^ . Clearly these discrepancies are due to the kinematic approximation made 
by KA. 



B. Dynamic Dynamo: 

The kinematic approximation described above breaks down when the magnetic field becomes comparable to the 
velocity field. In dynamic dynamos the back-reaction of the magnetic field on the velocity field is accounted for. There 
are several analytic theories in this area, but the final word is still awaited. Researchers are trying to understand 
these types of dynamo using direct numerical simulations. Here we will present some of the main results. 



1. Pouquet et al.'s EDQNM Calculation 

Pouquet et al. [150] solved MHD equations with large-scale forcing under EDQNM approximation. For details, 
refer to Section VHIC. Pouquet et al. observed that for nonhelical flows, the magnetic energy first grows at the 
highest wavenumbers, where equipartition is obtained. After that the magnetic energy at smaller wavenumbers start 
to grow. 

Pouquet et al. analyzed the helical flows by forcing kinetic energy and helicity at forcing wavenumber. They 
find that the magnetic helicity has an inverse cascade, and negative magnetic helicity and magnetic energy grow at 
wavenumbers smaller than the forcing wavenumber. 

Pouquet et al. estimated the contributions of helicities to the growth of magnetic energy, and concluded that 

a « q;„ ttfc = [-U • w b • (V X b)] (259) 

where t is a typical coherence time of the small-scale magnetic energy. The second term of the above equation is due 
to the back-reaction of magnetic field. 



2. Direct Numerical Simulation 



Chou [40] performed direct numerical simulation of 3D incompressible MHD turbulence using pseudo-spectral 
method (see Section VI), and analyzed the growth of (a) initial weak, large-scale seed magnetic field, and (b) initial 
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Figure 27: Evolution of kinetic energy {E") and magnetic energy for initial weak, large-scale seed magnetic field. Initially 
E'' grows as t^, then exponentially, after which it saturates. Adopted from Chou [40]. 

weak, small-scale seed magnetic field. In both the cases the magnetic energy grows at all scales. For the initial 
condition of type (a), the magnetic energy grows as t'^ for the first few turbulence eddy turnover times, followed by 
an exponential growth, in which the growth time-scale is approximately the large-scale eddy turnover time. After 
sometime the magnetic field saturates (see Fig. 27). For the initial condition of type (b), initial growth of magnetic 
energy is determined by the eddy turnover time of the smallest scale of turbulence, as predicted by KA, and then by 
the eddy turnover time of inertial range modes (See Fig. 28); finally the growth saturates. 

When the initial seed magnetic energy is at narrow bandwidth of large wavenumbers, the magnetic energy quickly 
gets spread out, extending to both larger and smaller wavenumbers. The evolution of energy spectrum is shown in 
Fig. 29. In the early phase, the magnetic energy spectrum is proportional to fc^/^, confirming KA's predictions. 
However, at a later time, the energy spectrum is very different, which is due to the dynamic aspect of dynamo. 

Recently Cho and Vishniac (CV) [38] performed numerical simulation of nonhehcal MHD turbulence and arrived at 
the following conclusion based on their numerical results. In our language, their results for large rA can be rephrased 
as (1) n^< w U^; (2) n^^< ^j,^^ w UB"^; (3) n^< ^ {U - cB)B'^, where U and B are the large-scale velocity and 
magnetic field respectively, and c is a constant. These results are somewhat consistent with the field-theoretic fiux 
calculations of Verma [185]. 

3. Brandenburg's Calculations 

Brandenburg [22] performed direct numerical simulation of compressible MHD (Mach number around 0.1-0.3) on 
maximum grid of 128^. He applied kinetic energy and kinetic hehcity forcing in the wavenumber band (4.5,5.5). He 
obtained many interesting results, some of which are given below. 

1. Magnetic lielicity grows at small wavenumbers, but it has a negative sign. Brandenburg explains this phenomena 
by invoking conservation of magnetic helicity. For a closed or periodic system the net magnetic helicity is 
conserved, except for dissipation at small scales. Thus, for magnetic field to be helical, it must have equal 
amount of positive and negative helicity. The helicity at small scales will get destroyed by dissipation, while 
magnetic helicity at large scales will survive with negative sign. 

2. Brandenburg computed the magnetic-hehcity fiux and found that to be positive. Note that injection of kinetic 
hehcity induces a fiux of magnetic-helicity (see Eq. [237]). 
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Figure 28: Evolution of kinetic energy (S") and magnetic energy (E'') for initial weak, small-scale seed magnetic field, 
ij'' exponentially, then it saturates. Adopted from Chou [40]. 



■Wis- 



E 



■■J.: >'^* 




_e- F^^Mi nT1-:3? 
I t.'iMdLI-J.» 
Fj'^l ntl-' K 

-tj- F i'^i Ht1-?R 
-+- L i-Ll at(=:j.!i 

L..i-;| at i -S.I 
Fjil Ht1--R7 
L.J, -LI at(-2£U 
F_M| RT1-'5I a 
t„iM al IHU.B 
Fj;ii ntl^'ins 
t .'iM al l-iB..' 

E-Ik) al .-0.2 
Ev;k) al :-££.C 
E.;k).a[.^.7 



Figure 29: Magnetic and kinetic energy spectrum at various times. Initial seed magnetic field is concentrated at = 20. 
E^{k) oc fe^''^ for 2 < t < 10, reminiscent of Kulsrud and Anderson's predictions. It shifts to flatter and then to Kolmogorov- 
like spectrum at later time. Adopted from Chou [40]. 
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nonlocal (alpha-effect) 




Figure 30: Cascade processes of magnetic energy in Helical MHD turbulence. Adopted from Brandenburg [22]. 



3. Brandenburg argued that most of the energy input to the large scale field is from scales near the forcing. He 
claimed the above process to be alpha-effect, not an inverse cascade (local). Now the built-up energy at large 
scales cascades to neighbouring scales by forward cascade (fc"^/^ region). Once the large scale fields have grown, 
Kolmogorov's direct cascade will take place. Above observations are illustrated in Fig 30. 

Brandenburg has done further work on open boundaries, and applied these ideas to solar dynamo. For details, 
refer to review paper by Brandenburg [24]. Verma [184, 185] has computed energy fluxes and shell-to-shell energy 
transfers in MHD turbulence using field-theoretic calculations. Below we show how Verma's results are consistent 
with Brandenburg's results. 



4- Dynamo using Energy Fluxes 

In Section VHI we discussed various energy fluxes and shell-to-shell energy transfer in MHD turbulence. Here we 
will apply those ideas to estimate the growth rate of magnetic energy. These calculations are based on homogeneous 
and isotropic turbulence, so the predictions made here are probably valid for galactic dynamo, or at small scales in 
solar and planetary dynamo. 

Verma has calculated energy flux for both nonhelical and helical MHD. It has been shown in Section XAl that 
when £;"(fc) > E^{k), kinetic energy gets transferred to magnetic energy, hence turbulence is not steady. Now we 
compute the energy transfer rate to the large-scale magnetic field. In absence of helicity, the source of energy for the 
large-scale magnetic field is • When helicity is present, the fluxes ^b<heiicai ~^^b<heiicai provide additional energy 
to the large-scale magnetic fleld (see Sec. VIII). Hence, the growth rate of magnetic energy is 

^^^jt) _ TT«< , Tt6> , TT«> f^f^r.\ 

— ^^b< ^ '■'■bKhelical ^ ^^b<helical l,ZDUJ 

Since there is no external forcing for large-scale magnetic fleld, we assume 

In typical astrophysical situations, magnetic and kinetic helicities are typically small, with negative magnetic helicity 
and positive kinetic helicity. For this combination of helicities, both the helical fluxes are negative, thus become a 
source of energy for the growth for large-scale magnetic fleld. 

Since the magnetic energy starts with a small value (large ta limit), all the fluxes appearing in Eq. (260) are 
proportional to r^^ [cf. Eqs. (227, 228)], i.e., 

^b< + ^l^helical + ^bKhelical = i"^^^) 
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where E'^ is the large-scale kinetic energy, 11 is the kinetic energy flux, and c is the constant of order 1. Hence, 

1 dE'' _ E^ 
U~di E^ 

Using E'^ = K^lP/^L^/^ , where L is the large length-scale of the system, we obtain 

1 dE^ ^ 1 
~^/W&~dr ~ i(ii'«)3/2 

We assume that E'^ does not change appreciably in the early phase. Therefore, 



(262) 



(263) 



E\t)^E\Q)e^^\^j^^j^t^ (264) 

Hence, the magnetic energy grows exponentially in the early periods, and the time-scale of growth is of the order of 
L{K'^Y/'^ / V E^, which is the large-scale eddy turnover time. 

In Section VHI A3 we derived the following expression (Eq. [237]) for the flux of magnetic helicity: 

^Hm (fco) = 1^ {-dvM + btk) , (265) 

where vk = Hxik)/ {kE'^ik)), tm = kHM{k)/ E^{k), and d and e are positive constants. When kinetic hehcity is 
forced (r^ > 0) at forcing wavenumber, magnetic helicity flux will be positive. But the total magnetic helicity is 
conserved, so positive Hm will flow to larger wavenumber, and negative Hm will flow to smaller wavenumber. The 
negative Hm (vk < 0) will further enhance the positive magnetic helicity flux, further increasing negative Hm at 
lower wavenumbers. The above observation explains the numerical flndings of Brandenburg [22] discussed above. 

The negative magnetic helicity described above contributes to the growth of magnetic energy. Note that for small 
wavenumber Hm and Hk have opposite sign, and according to formula (236) derived in Section VHI A 3 

dE^ 

—j^ = ar\j - brMTK, (266) 

(a and b are positive constants) magnetic energy wifl grow. This result is consistent with the numerical simulation 
of Brandenburg [22] and EDQNM calculation of Pouquet et al. [150]. It is important to contrast the above equation 
with the growth equation of Pouquet et al. [150]) (cf. Eq. [259]) , and test which of the two better describes the 
dynamo. The direct numerical simulation of Pouquet and Patterson [152] indicate that Hm helps the growth of 
magnetic energy considerably, but that is not the case with Hk alone. This numerical result is somewhat inconsistent 
with results of Pouquet et al. and others [150] (Eq. [259]), but it flts better our formula (266) {dE^/dt = if tm = 0). 
Hence, the formula (266) probably is a better model for the dynamically consistent dynamo. We need more careful 
numerical tests and analytic investigations to settle these issues. 

In Section VIII we studied the shell-to-shell energy transfer in MHD turbulence assuming powerlaw energy spectrum 
for all of wavenumber space. Since magnetic helicity changes sign, and its spectrum does not follow a powerlaw, the 
above assumption is not realistic. However, some of the shell-to-shell energy transfer results are in tune with Bran- 
denburg's numerical results. For example, we found that helicity induces energy transfers across distant wavenumber 
shells, in the same lines as Q-efi^ect. More detailed analytic calculation of shell-to-shell energy transfer is required to 
better understand dynamo mechanism. 



5. Theoretical Dynamic Models 

Field et al. [53] and Chou [39] constructed a theoretical dynamical model of dynamo. They use scale-separation 
and perturbative techniques to compute the effects of back-reaction of magnetic field on a. Schekochihin et al. [159] 
and Blackman [19] discussed various models of nonlinear evolution and saturation for both small-scale and large-scale 
dynamo. Basu [5] has applied field-theoretic methods to compute a. For details refer to the original papers and 
review by Brandenburg and Subramanian [25]. 

In summary, dynamo theory has come a long way. Early calculations assumed kinematic approximations. For last 
fifteen years, there have been attempts to construct dynamic dynamo models, both numerically and theoretically. 
Role of magnetic and kinetic helicity is becoming clearer. Yet, we are far away from fully-consistent dynamo theory. 
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XI. INTERMITTENCY IN MHD TURBULENCE 



The famous Kolmogorov's turbulence model assumes a constant energy flux or dissipation rate at all scales, i. e., 
n(fc) ~ J dkv{k)k'^E{k) is independent of A:. The renormalized viscosity v{k) ^ fc""*/^ and E{k) ^ k~^/^ are consistent 
with the above assumption. Landau [97] pointed out that the dissipation rate, which is proportional to the square 
of vorticity, is singular and quite inhomogeneous. Thus Kolmogorov's theory of turbulence needs modiflcation. The 
above phenomena in which strong dissipation is locahzed both in time and space is called intermittency. 



A. Quantitative Measures of Intermittency 

There are several quantitative measures of intermittency. Consider the increment of the velocity, or some other 
field, between two points separated by 1, 

(5u(x, 1) = u(x + 1) - u(x). 

The longitudinal component of (5u(x, 1) will be given by 

6uii{l) = 6u{x,l).l/l, 

and the transverse component is Su±{l) = 5u(x, 1) — du\\{l)l/l. Here we have assumed homogeneity and isotropy for 
turbulence, so that the increment in velocities depend only on I, not on x. Now we define longitudinal and transverse 
structure functions using 

5(")(/) = ([faii(/)]"), u^-\i) = {[6u^{ir) 

respectively. The structure function S^"\l) is expected to have a power law behaviour for I in the inertial range, 

5(")(Z) = a„/«", (267) 

where a„ and Cn are universal numbers. The exponents are called the intermittency exponent. 

Moments and probability density function (pdf) are equivalent description of random variables. Note that if 
P{5u\i{l)) were gaussian, i. e.. 



P(5u||(Z)) = — — T^exp 



then, it is easy to verify that 

<(fe||(Or)(xa,". 

Kolmogorov's model of turbulence predicts that 

Or ~ 

For constant e, we obtain 

Systems with gaussian probability distribution or equivalently S'(")(Z) oc V^'^ (c = constant) are called non-intermittent 
system. For intermittent systems, the tails of pdf decays slower that gaussian, and could follow a powerlaw. 
Structure function can be written in terms of local dissipation rate [139] 

Kolmogorov [83] introduced the refined similarity hypothesis relating structure function to ei as 
If 
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then 

_ n 

Cn — + Mn/3- 

Many researchers have attempted to model ej. 

In any numerical simulation or experiment, the powerlaw range is quite limited. However, when we plot S'(")(0 
vs. S'^^^l), we obtain a much larger scaHng range. This phenomena is called Extended self-similarity (ESS). Since, 
S'^^^l) C!C / [82], Cn measured using Eq. (267) or ESS are expected to be the same. 

There have been some ingenious attempts to theoretically compute the intermittcncy exponents (e.g., sec scries of 
papers by L'vov and Procaccia [107]). Yet, this problem is unsolved. There are several phenomenological models. 
Even here, phenomenological models have been better developed for fluid turbulence than MHD turbulence. We will 
describe some of them in the following discussion, first for fluids and then for MHD turbulence. 

B. Results on Intermittency in Fluid Turbulence 

In fluid turbulence, the pdf of velocity increment deviates from gaussian [61]. In experiments and simulations one 
finds that Cn vs. n is a nonhnear function of n. Hence, fluid turbulence shows intermittency. Note that ^2 ~ 0.71, 
which yields a correction of approximately 0.04 to Kolmogorov's spectral index of 5/3. However, the correction for 
large n is much more. See Frisch [61] for further details. 

Remarkably, starting from Navier-Stokes equation, Kolmogorov [82] obtained an exact relation 

under u ^ limit (also see [61, 97]). Note that e is the mean dissipation rate. Unfortunately, similar relationship 
could not be derived for other structure functions. In the following discussion we will discuss some of the prominent 
intermittency models for fluid turbulence. 

1. Kolmogorov's log-normal model 

Obukhov [139] and Kolmogorov [83] claimed that the dissipation rate in turbulent fluid is log-normal. As a conse- 
quence, 

n n{n — 3) 
^" " 3 ~ ^ 18 ' 

where 

(e(x)e(x + l))~Z-^ 

Numerical simulations and experiments give fi ~ 0.2. 

The predictions of this model agree well with the experimental results up to n « 10, but fails for higher values of 
n. In Fig. 31 we have plotted the above along with other model predictions given below. 

2. The P-model 

Novikov and Stewart [138] and Frisch et al. [60] proposed that smaller scales in turbulent fluid is less space flUing. 
In each step of the cascade an eddy 5un of scale In splits into 2^/3 eddies of scale = Zn/2, where D is the space 
dimensionality, and /3 is a flxed parameter with < /3 < 1. In this model 

U = 3 - 3('^- 3), 

where /3 = 2-^ 

Note that is linear in n, and it does not match with experimental and numerical data for large n (see Fig. 31). 
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Figure 31: Plots of C™vs. n for various intermittency models in fluids and MHD. She-Leveque's log-Poission model flts best 
with the experimental data in both fluid and MHD. For MHD turbulence, Kolmogorov-like models are in better agreement 
than KID's like model. 

S. The Multifractal Models 

Parisi and Frisch [143] developed a multifractal model of turbulence. Maneveau and Sreenivasan [108] constructed 
an intuitive model. Here the energy cascade rate ei is not distributed equally into smaller eddies, say, in each cascade 
it gets divided into pei and (1 — p)€i. After several cascades, one finds that energy distribution is very skewed or 
intermittent. The intermittency exponent in this model is 



Cn = (I - l) Dn + 1, 



with 



£)„ = log2(p" + (l-p) 



„xl/(l-n) 



For p near 0.7, Cn fits quite well with the experimental data. The deficiency of this model is that it requires an 
adjustable parameter p. For more detailed discussion, refer to Stolovitzky and Sreenivasan[165]. 



4- The Log-Poisson Model 



She and Leveque [160] proposed a model involving a hierarchy of fluctuating structures associated with the vortex 
filament. In their model 



C„ = |(l-x)+C7o(l-/3"/3) 



where Co is co-dimension of the dissipative eddies, and x and /3 are parameters connected by 

Co ' 



1-/3 



(268) 



(269) 



(see Biskamp [14] for details; also see Politano and Pouquet [145]). For Kolmogorov scaling, x = p = 2/3. In 
hydrodynamic turbulence, the dissipative eddies are vortex filaments, i.e., one-dimensional structures. Therefore, the 
co-dimension is Co = 2. Hence, for fluid turbulence 



C^^ = - + 2 



1 



n/3' 



(270) 
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The above prediction fits remarkably well with experimental results. All the above functions have been plotted in 
Fig. 31 for comparison. 

After the above introductory discussion on intermittency in fluid turbulence, we move on to intermittency in MHD 
turbulence. 



C. Results on Intermittency in MHD Turbulence 

In MHD turbulence, the pdf of increment of velocity, magnetic, and Elsasser variables are all nongaussian. The 
(n vs. n is a nonlinear function of n, hence MHD turbulence also exhibits intermittency. The theoretical and 
phenomenological understanding of intermittency in MHD turbulence is more uncertain than that in fluid turbulence 
because the nature of energy dissipation rates in MHD turbulence is still quite obscure. 

Following the similar lines as Kolmogorov [82], Politano and Pouquet [146] derived an exact relationship: 

(SzpzfSzt) = —e^l. 
This result is consistent with Kolmogorov-likc model (Eq. [103]) that 

There are more than one set of exponents in MHD because of presence of more number of variables. For variables 
we have 

In the following, we will discuss Log-Poission model and numerical results on intermittency in MHD turbulence. 

1. The log-Poisson model 

Politano and Pouquet [145] extended She and Leveque's formula (268) to MHD turbulence. They argued that 
smallest eddies in fully developed MHD turbulence are micro-current sheets, hence the codimension will be Co = 1. 
Kolmogorov's scaling yields x = 2/3 and /3 = 1/3. Therefore 

If KID's scaling were to hold for MHD, then x = 1/2 and /3 = 1/2. Consequently, 

For details refer to Biskamp [14]. Now we compare these predictions with the numerical results. 

2. Numerical Results 

Biskamp and Miiller [15] have computed the exponents for 3D MHD, and they are shown in Fig. 32. In the 
same plot, (^^^and Cn^^ have also been plotted. Clearly, (^^^ agrees very well with 3D MHD numerical data. 
This again shows that Kolmogorov-like phenomenology models the dynamics of MHD turbulence better that KID's 
phenomenology. In Fig. 32 She-Leveque's predictions for fluid (solid line) and KID's model (dotted line) are also 
shown for reference. 2D MHD appears to be more intermittent than 3D MHD. A point to note that the plots of Figs. 
31, 32 are for small cross helicity (ctc 0); the equality of and (~ may not hold for higher cross hehcity. 

Miiller et al. [134] numerically computed the intermittency exponents in the presence of mean magnetic field. They 
found that a mean magnetic field reduces the parallel-field dynamics, while in the perpendicular direction a gradual 
transition toward 2D MHD turbulence is observed. 

Biskamp and Schwarz [16] computed the intermittency exponents for 2D MHD turbulence (see Table III of Biskamp 
and Schwarz [16]). The exponents are much lower than C^^^ ■ The exponent ^2 is close to 0.5, which prompted 
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Figure 32: Numerically computed intermittency exponents (diamond) and (square) for 3D MHD turbulence, and Cn /Cs 
(triangle) for 2D MHD turbulence. The numerical values matches quite well with the She-Leveque model based on Kolmogorov- 
like spectrum (dashed line). Adopted from Biskamp and Miiller [15]. 



Biskamp and Schwarz to infer that 2D MHD follows KID's phenomenology with E{k) ^ fc^^^"^ ~ k~^^^ power 
spectrum. However, (4 is much below 1, which makes the claim less certain. Earlier, using flux analysis Verma et 
al. [191] had shown that Kolmogorov-like phenomenology is a better model for 2D MHD than KID's phenomenology 
(see Section VI). Hence, Biskamp and Schwarz [16] and Verma et al.'s [191] conclusions appear contradictory. It may 
be possible that 2D MHD turbulence is highly intermittent, with 5/3 exponent still applicable. In any case, further 
work is required to clarify these issues. Refer to Verma et al. [189] and Biskamp [13] for further details. 

Basu et al. [6] numerically computed the intermittency exponents for velocity and magnetic fields. They showed 
that <^'' > > C") magnetic field is more intermittent than the velocity field. They also find that ~ <^^^ . For 
theoretical arguments regarding C" and (^^ we refer to Eq. (210), which implies that 

Sui ^ (n")'/'z^/' 
Sbi - (tf)'/'zi/3^ 

where H" = nj^> + 11^^ is the total kinetic energy fiux, and II'' = H^^ + is the total magnetic energy flux. 
Clearly, 

s^M(i) = {{6ui)") = (J(n")"/^^ ^ 

5''(")(Z) = {{Sbif) = ~ zCn. 

Hence, C" and depend on the small-scale properties of H" and H*". From the numerical results of Basu et al. [6] it 

appears that 11* is more intermittent that H". Note that Basu et al.'s result was derived from magnetically dominated 
run. So we need to test the above hypothesis for various ratios of kinetic and magnetic energies. 
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Some of the earlier work on intcrmittencj^ in MHD turbulence has been done by Carbone [31]. His work is based on 
KID's model, and he alludes that the spectral index of solar wind is close to 1.7 because of intermittency correction 
of approximately 0.2 over 3/2. There is also an extensive investigation of intermittency in solar wind data. Refer to 
Burlaga [26], Marsch and Tu [112], and Tu et al. [176]. 

It is evident from the above discussion that physical understanding of intermittency is quite weak. We need to better 
understand dissipation rates in MHD turbulence. With these remarks, we close our discussion on intermittency. 



XII. MISCELLANEOUS TOPICS 



In this section we will briefly discuss the following topics connected to the spectral theory of MHD turbulence: 
(a) Large-Eddy simulations of MHD Turbulence, (b) Energy decay of MHD turbulence, (c) Shell model of MHD 
turbulence, and (d) Compressible Turbulence. 



A. Large-Eddy Simulations (LES) of MHD Turbulence 

Basic idea of LES is to resolve only the large scales of turbulent flow. The effect of smaller scale interactions are 
modeled appropriately using the existing theories. Let and 6^ represent the flltered flelds at filter width of I. The 
filtered MHD equations are 

- -V-(u<u<-b<b<+T")-Vp<+i^V2u< 



dt 

= -V • (u<b< - b<u< + t'') + z/V^u< 



dt 

V • u< = V • b< = 0, 

where r" = (uu)< — u<u< — (bb)< + b^b^, and = (ub)< — u<b< — (bu)^ + b<u< are the filtered-scale stress 
tensors. Main task in LES is to model these tensors. A class of models assume that [3, 135] 

T" = -2t'tS<, S< = (Vu< + [Vu<]'^) /2, 



r'' = -2r/tJ<, J< = (Vb< + [Vb<]^) /2, 

where "T" denotes the transposed matrix, and vt and rjt are the eddy-viscosity and eddy-resistivity respectively. 
Agullo et al. [3] and Miiller and Carati [135] prescribed i^t and rjt using two different models Mi and M2: 

Mi: ^,=C,{t)l^/^ Tit=D^{t)fl\ 

M2: ut = C^{t)l\2S< ■.S<Y'^ r,t=D^{tW\. 

Both models contain two unknown parameters Cj and Di. Agullo et al. [3] and Miiller and Carati [135] determined 
these parameters using dynamic LES, in which a test filter is used [66]. After determining Vt and rjt, the velocity and 
magnetic fields were updated using DNS. Their evolution of kinetic and magnetic energy using Models Mi and M2 
agree quite well with DNS. The decay of the magnetic energy in DNS and Mi^2 are quite close, but there is a slight 
discrepancy. Note that Mq : r"''' = fares quite badly. 

We [95] employ DNS to MHD equations, but viscosity and resistivity are replaced by renormahzed viscosity and 
renormalized resistivity given below: 

vr{kc) = (K")^/2ni/^fc^'*^V* (271) 
riAkc) = {K^f'^n^'^kc^'\* . (272) 

Here is Kolmogorov's constant for MHD, 11 is the total energy fiux, and i^*,?7* are the renormalized parameters. 
The parameters i'*,r]*, and if" depend on the Alfven ratio va- In our decaying MHD turbulence simulation, we 
start with unit total energy and = 100.0. The ratio of magnetic to kinetic energy grows as a function of time, as 
expected. Therefore, we need to compute the renormalized parameters for various values of ta- The energy cascade 
rates are computed following the method described in Section VI. We take i^rikc) and r]r{kc) from Eqs. (271, 272). 
The energy flux 11 changes with time; we compute H dynamically every 0.01 time-unit. We carried out LES for MHD 
up to 25 nondimensional time units. McComb et al. [123] had done a similar LES calculation. 
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The evolution of kinetic energy using LES is quite close to that using DNS. However, the evolution of magnetic 
energy does not match very well. Comparatively, LES of Agullo et al. [3] and Miiller and Carati [135] yield a better 
fit to the temporal evolution of magnetic energy. Hence, refinements are required in our modelling. 

In summary, LES of MHD turbulence is in its infancy, and More work is required in modelling of eddy-viscosity 
and resistivity. 



B. Energy Decay of MHD Turbulence 

The models of energy decay in MHD turbulence are motivated by the decay laws of fluid turbulence. In these 
models, the energy loss is due to Kolmogorov's energy flux. In addition, conservation laws are used to close the 
equation. Biskamp and Miiller [15] first proposed that 

E^Iq = Hm, (273) 

where lo is the integral scale, is the total magnetic energy, and Hm is magnetic helicity. The corresponding equation 
for fluid turbulence is EL'^^^ = const, with s = 4. Assuming advection term to be the dominant nonlinearity for 
energy flux, Biskamp and Miilller suggested that the dissipation rate e is 

A substitution of of Eq. (273) into the above equation yields 

^5/2 



eHM (1 + rA)3/2 



const. 



This phenomenological formula was found to be in very good agreement with numerical result. Alfven ratio ta itself 
is varies with time; Biskamp and Miiller numerically found its variation to be « 1.5{E/ Hm)- Using this result and 
taking the limit ta <C 1, they obtained 



dt ■ ir3/2 

with the similarity solution E ^ The relationship ~ 1.5{E/Hm) yields E^ ~ {E'')'^ ~ t~^. For finite ta, 

the evolution is expected to be somewhat steeper. 

For nonhelical MHD {Hm = 0), Biskamp and Miiller found a different decay law 

dE 

— — £/ = const 
dt 

yielding E t~^; this result was verified in numerical simulations. Note that all the above arguments are valid for 
zero or vanishing cross helicity. When cross helicity is finite, it decays with a finite rate. Galtier et al. [64] reached 
to the similar conclusions as Biskamp. Note that similar arguments for fiuid turbulence shows that kinetic energy 
decays as i^^"/''. 

In the Hght of current results on evolution of kinetic and magnetic energy discussed in Section VIII B, some new 
deductions can made regarding the energy evolution in MHD turbulence. Since the energy fiuxes H± are not coupled 
(see Fig. 6), we expect E^ to decay in the same way as fiuid turbulence. However, the evolution of kinetic and 
magnetic energy is more complex because of cross transfers of energy between velocity and magnetic fields (see Fig. 
5). Their evolution in nonhelical MHD could be modelled as 



dE^ 

dt 
dE"" 

"df 



n^< - H^ 



= Tl^< - TV" 



In kinematic regime (E"^ » E^), E'^ grows exponentially (dynamo) due to HJ^^, and E'^ should decay as in fluid 
turbulence. However, in magnetic regime {E^ » iJ"), magnetic energy should decay faster than kinetic energy due to 
positive nfj<. Since E"^ and E'' are equipartitioned in the asymptotic state, it may be possible that H^^ = \E^ — E^\^ . 
Using these ideas, we may get further insights into the physics of decay in MHD turbulence. 
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C. Shell Models of MHD Turbulence 

Shell models of turbulence were introduced as an attempt to solve hydrodynamic equations using much fewer degrees 
of freedom. In these models, one variable is used to represent all the modes in wavenumber shell The shell 

radius is given by A;„ = kos" with s as a parameter, typically taken to be 2. The couphng between shells is local with 
constraints of preserving conserved quantities. One type of shell-model for MHD turbulence is given below [59]: 

(j^ + r/fc^) = ^kn[{l - e - em){K+,Bl^2 - B* + ^U*^2) + Y^^n-iK+i - K-lK+l) 

- b:_,u:_,)] + 5„, (275) 

where /„ and gn are kinetic and magnetic forcing respectively. The above equations conserve total energy and cross 
hehcity for any em- However, conservation of the third integral imposes condition on e's. In 3D, this integral is 

n 

which is conserved if e = 1/2 and Cm = 1/3. in 2D, the choice of e = 5/4 and Cm = —1/3 leads to conservation of 

a = Y,k-'\Bnf. 

n 

Frick and Sokoloff [59] numerically solved Eqs. (274, 275) with 30 shells (-4 < n < 27). The system was forced 
near the n = shell. The time integration was done using fourth-order Rungc-Kutta method. Frick and Sokoloff 
studied energy spectrum, fluxes, and the structure functions. They obtained Kolmogorov-like energy spectrum (5/3) 
for nonAlfvenic MHD (ctc ~ 0); this state is independent of magnetic helicity Hm- However, when the magnetic and 
velocity fields are correlated, Kolmogorov state is not established, and the result depends on the magnetic helicity. 
High level of Hm suppresses any cascade of energy, and KID's spectra was obtained. 

Frick and Sokoloff [59] and Basu et al. [6] studied the structure functions of MHD. They found that intermittency 
in MHD turbulence is slightly higher than in the hydrodynamic case, and the level of intermittency for the magnetic 
field is slightly higher than the velocity field. Biskamp [12] has studied the effect of mean magnetic field using Shell 
model. For reference, Gloaguen et al. [68] constructed one of the first shell models for MHD turbulence. 

Shell models are based on an assumption of local energy transfer. This assumption appears to be suspect in the 
light of our results on shell-to-shell energy transfer described in VIII B, where we showed that there are significant 
amount of nonlocal energy transfer in MHD turbulence, specially in presence of magnetic helicity. This issue requires 
a closer look. 



D. Compressible Turbulence 

Terrestrial MHD plasmas are incompressible because plasma velocities are typically much smaller compared to sound 
speed or Alfven speed. However, astrophysical plasmas are typically compressible. Currently the energy spectrum 
of incompressible (infinite sound speed) and fully-compressible (zero sound speed) turbulence are reasonably well 
understood. Fully compressible fluid is described by Burgers equation 

^ -h (u • V)u = z/V^u. 

at 

for which shocks are exact solution in ID under v ^ limit. It can be easily shown that E{k) ~ k~'^ and intermittency 
exponents = 1 for q > 1. Shocks are present in higher dimensions as well, and the spectral index is expected to be 2. 
Fully-compressible MHD turbulence, modelled by generahzed Burgers equation [65], also show shocks. For properties 
of shocks, refer to Biskamp [14] and Priest [153]. For the other Hmiting case, incompressible fluid turbulence as well as 
MHD turbulence are well described by Kolmogorov's theory of turbulence. The difficulty is with finite Mach number. 
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The velocity in compressible fluids is decomposed into compressible part u'^ and solenoidal part u®. In Fourier space, 
is perpendicular to k, and is parallel to k. Corresponding to these fields, we have solenoidal and compressive 
velocity spectrum, E'^{k) and E'^{k). Porter et al. [147] showed that in the supersonic turbulence [Ma > 1) , 
E'^{k) ~ which is similar to the spectrum in Burgers turbulence. However for subsonic turbulence (Ma < 1), 
both E'^ and E" have 5/3 spectral index. 

Pressure spectrum is defined using (p^) = / E^{k)dk. Assuming 5/3 spectrum for velocity and using pk ^ Po'^fc, 
Batchelor [7], and Monin and Yaglom [127] obtained 

\EP{k) ~ e^l^k-y\ 
Pn 

The above law is expected to be valid for subsonic flows. For polytropic flows p ^ , or 

5p = Cl5p, 

using which we can immediately derive the density spectrum for subsonic flows 

NPik) = e^^'C-^k-'^\ 

Note that (p^) = / NP{k)dk. 

For nearly incompressible MHD turbulence Montgomery et al. [128] argued that E^{k) ~ NP{k) ^ fc"^/^. Their 
argument is based on quasi-normal model. For detail refer to Montgomery et al. [128] and Zank and Matthaeus 
[195, 196]. Lithwick and Goldreich [104] also obtained Kolmogorov's spectrum for the density fluctuations in the 
ionized interstellar medium. They calculated the above density spectrum by extending the theory of incompressible 
MHD given by Goldreich and Sridhar [69, 166]. Cho and Lazarian [34] found similar results in their computer 
simulation. 

It is interesting to note that Burgers equation is local in real space, contrary to incompressible turbulence which is 
nonlocal in real space. Also, "mode-to-mode" energy transfer formulas of Dar et al. [45] cannot be applied to Burgers 
equation because V • u = is not applicable to Burgers equation. We need some kind of generalized theory which will 
continuously vary the energy spectrum as we change the Mach number. 

XIII. CONCLUSIONS AND FUTURE DIRECTIONS 

Here we summarize the main results in statistical theory of MHD turbulence. In this paper, we focussed on the 
energy spectrum, fluxes, and the shell-to-shell energy transfers in homogeneous turbulence. When the mean magnetic 
field is appHed, turbulence is naturally anisotropic. When the mean magnetic field is much greater that fluctuations 
(weak turbulence), the energy cascade is planar, perpendicular to the mean magnetic fleld; In this Hmit Galtiers et 
al. [63] showed that 

Ei,2{ki.) ~ {UBof^ k\(^kl^. (276) 

When the fluctuations become comparable to the mean magnetic fleld (strong turbulence), Goldreich and Sridhar 
[69, 166] showed that E{k) ~ k^'^'^ , thus establishing Kolmogorov-Hke dynamics for MHD turbulence. Verma [180] 
showed that the nonlinear evolution of Alfven waves are affected by "effective mean magnetic field", and showed that 
Kolmogorov's 5/3 powerlaw is a valid spectrum for MHD turbulence. The effective mean-magnetic field turns out to 
be local (fc-dependent) field, and can be interpreted as the field due to the next largest eddy. The above theoretical 
result is seen in the numerical simulation of Cho et al. [35]. The renormahzation group calculations (e. g., Verma 
[181]) also favor Kolmogorov's 5/3 energy spectrum for MHD turbulence. All the above results have been discovered 
in the last ten years. 

Let us contrast the above conclusions with the earher results of Kraichnan [85] and Iroshnikov [77] where effective 
time-scale is determined by the mean magnetic field Bo, and the energy spectrum is Kraichnan's and Irosh- 

nikov's phenomenology is weak turbulence theory under isotropic situations. This is contradictory because strong 
mean magnetic field will create anisotropy. This is why 3/2 theory is inapplicable to MHD turbulence. 

Recently studied energy fiuxes and shell-to-shell energy transfers in MHD turbulence are providing important in- 
sights into the energy exchange between velocity and magnetic fields, and also among various scales. These calculations 
have been done using "mode-to-mode" energy transfers in MHD triads. For 3D nonhelical flows {Hm = Hk = 0), 
all the fluxes u-to-u, u-to-h, b-to-u, b-to-b are positive except b-to-u, which is negative for large Alfven ratio. In 
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kinetic-cncrgy dominated regime, kinetic energy flows to magnetic energy, and the reverse happens in magnetic- 
energy dominated regime. Hence, steady-state situation is possible only when w E'^; we believe this to be the 
reason for the equipartition of kinetic and magnetic energy in MHD turbulence. The shell-to-shell energy transfer 
also suggests that nonhelical transfers are local. The u-to-u and b-to-b transfers arc forward, but u-to-b and b-to-u 
are somewhat complex. Helicity induces inverse cascade of magnetic energy, but their magnitude is smaller than the 
nonheHcal counterparts for small magnetic and kinetic helicities, which is typical. We also find a forward cascade for 
magnetic helicity. 

Many of the above analytical work have been motivated by the clues obtained from numerical simulations, e. g., 
[15, 40, 45, 109, 133, 191]. High resolution simulations, which can test spectrum as well as energy fluxes, have been 
made possible by recent powerful computers. In turbulence research, numerical simulations have become synonymous 
with experiments. Simflarly, observational results from the solar wind data have been very useful in understanding 
the dynamics of MHD turbulence. 

Amplification of magnetic field in MHD turbulence, commonly known as dynamo, has been of interest for almost 
a century. Earlier theories were of kinematic origin where given velocity spectrum induces growth of magnetic field, 
but the magnetic field cannot affect the velocity field. In the last ten years, there have been a surge of attempts to 
solve the full MHD equation including the back-reaction of the magnetic field to the velocity field. Pouquet et al. 
[150] performed EDQNM calculations and showed that "residual helicity" (difference of kinetic helicity and magnetic 
helicity) induces growth of large-scale magnetic field. Some of the recent models are motivated by the numerical 
results. Brandenburg [22] finds that kinetic helicity induces growth of negative magnetic helicity at large-scales, 
which in turn enhances the large-scale magnetic field. Chou [40] has shown growth of large-scale magnetic field with 
small-scale or large-scale seed magnetic field. Verma's [184] analytical findings are in agreement with the the above 
mentioned numerical results. Field et al. [53], Chou [39], Schekochihin et al. [159] and Blackman [19] have constructed 
theoretical models of dynamics dynamo, and studied their nonlinear evolution and saturation mechanisms. 

Intermittcncy exponents have been computed numerically by Miiller and Biskamp [15] and others. Generalized 
She and Leveque's [160] theoretical model based on log-Poisson process fits quite well with the numerical data. Note 
however that theoretical calculation of intermittency exponents from the first principles is still alluding turbulence 
researchers. 

There are many unanswered questions in MHD turbulence. We list some of them here: 

1. Goldreich and Sridhar's [69] argument for 5/3 spectral index for strong MHD turbulence is semi- 
phenomenological. Generalization of Verma's field-theoretic calculation for mean magnetic field [180] to 
anisotropic situations wifl be very useful. It will help us in quantifying the efi^ects of mean magnetic field 
on energy fiuxes etc. 

2. Effects of magnetic and kinetic helicity on energy spectrum and fiuxes is known only partiafly through numerical 
simulations and absolute-equilibrium theories. 

3. Good understanding of compressible fiuid and MHD is lacking. Theoretical studies of coupling of solenoidal, 
compressible, pressure modes etc. will advance our understanding in this area. 

4. There are only a couple of large-eddy simulations (LES) of MHD turbulence, and they are not completely 
satisfactory. Considering the importance of LES in modeling large-scale practical systems, e.g., Tokomak fiows, 
dynamo etc., further investigation of LES of MHD is required. 

5. Application of field-theoretic calculation of MHD turbulence to electron magnetohydrodynamics [17], active 
scalar [157], drift wave turbulence [137] etc. could help us in better understanding of these models. 

6. Role of turbulence in corona heating, accretion disks, and other astrophysical objects are active area of research. 
With these remarks we conclude our review. 
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Appendix A: FOURIER SERIES VS. FOURIER TRANSFORM FOR TURBULENT FLOWS 



In statistical theory turbulence we typically assume the flow fleld to be homogeneous. Therefore, Fourier transform 
is not applicable to these flows in strict sense. However, we can deflne these quantities by taking limits carefully. This 
issue has been discussed by Batchelor [8] and McComb [120]. We briefly discuss them here because they form the 
basis of the whole paper. 

A periodic function u(x) in box L'^ can be expanded using Fourier series as foflowing: 



u (x) = ^ u (k) exp {ik ■ x) , 
u(k) = ^ J dxu (x) exp {—ik ■ x) 



where d is the space dimensionality. When we take the limit L — > oo, we obtain Fourier transform. Using u(k) 
u(k)L'*, it can be easily shown that 



/dk 
^^u(k)exp(ik-x), 

u(k) = / dxu (x) exp {—ik ■ x) , 



with integrals performed over the whole space. Note however that Fourier transform (integral converges) makes sense 
when u{x) vanishes as |a;| oo, which is not the case for homogeneous flows. However, correlations defined below 
are sensible quantities. Using the above equations, we find that 

{ui{k)uj{k')) = J dxdx' (ui(x)uj(x')) exp — i(k-x + k' • x') 
= J drCij{r) exp — ik • r J rfxexp —i{k+k') ■ x 

= a,(k)(27r)'^^(k + k') (Al) 

We have used the fact that S{k) w L''/ (27r)'^. The above equation holds the key. In experiments we measure correlation 
function C(r) which is flnite and decays with increasing r, hence spectra C(k) is wefl deflned. Now energy spectrum 
as well as total energy can be written in terms of C(k) as the following: 




We have used the fact that S{k) « L'^/{2-kY. Note that <^|u(k)|^^ = {d- l)C{k)L'^ [see Eq. (Al)] is not well defined 
in the limit i — > oo. 

In conclusion, the measurable quantity in homogeneous turbulence is the correlation function, which is finite and 
decays for large r. Therefore, energy spectra etc. arc well defined objects in terms of Fourier transforms of correlation 
functions. 

We choose a finite box, typically {^-kY, in spectral simulations for fluid flows. For these problems we express the 
equations (incompressible MHD) in terms of Fourier series. We write them below for reference. 

-ikiPtot (k, t) - ikj ^[uj(q, t)ui{p, t) 
+S,(q,t)6i(p,t)] 

-ikj ^[uj(q, t)bi{ip, t) - bj{(i,t)ui{p, t)] 



-i{Bo-k) + uk^]ui{k,t) = 



— -i{Bo-k)+r]k^]bi{k,t) 
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The energy spectrum can be computed using Ui{]s.,t): 

where n is the lattice vector in rf-dimensional space. The above equation imphes that 

A natural question is why the results of numerical simulations or experiments done in a finite volume should 
match with those obtained for infinite volume. The answer is straight forward. When we go from size 27r to L, the 
wavenumbers should be scaled by (27r)/L. The velocity and frequency should be should be scaled by {2tt)/L and 
[(2it)/L]'^ to keep dimensionless z/ fixed. The evolution of the two systems will be identical apart from the above 
factors. Hence, numerical simulations in a box of size 27r can capture the behaviour of a system with L oo, for 
which Fourier transform in defined. 



Appendix B: PERTURBATIVE CALCULATION OF MHD EQUATIONS: z± VARIABLES 

The MHD equations in terms of can be written as 

z+{k)\ _ ( G++{k) G+-{k)\ ( -iM,,Mldp[z-{p)z+ik-p)]\ 



zi(k) J V G~+{k) G-~{k) J \ -iMi,mik)Jdp[z+{p)z;;,ik-p)]. I ^^^^ 



The Greens function G is related to self-energy using 

G-(fc,.)=(---_r" _j_V-j- 

We solve the above equation perturbatively keeping the terms upto the first nonvanishing order. The integrals are 
represented using Feynmann diagrams. To the leading order, 

o 
o 
o 
o 

=WMfi +WA/\m + (B3) 



• = VWW«' +WWV\« + (B4) 



The variables z"*" and z~ are represented by double-dotted and dotted line respectively. The quantity 
G~^~^,G~^ ,G~~,G~~^ are represented by thick double-zigzag, thin double-zigzag, thick zigzag, and thin zigzag re- 
spectively. The square represents —iMij^ vertex. These diagrams appear in renormalization calculations as well as 
in energy fiux calculation. 



1. "Mean Magnetic Field" Renormalization 



The expansion of 0+ in terms of Feynman diagrams are given below: 



/+ = 



+ 



+ 



+ 



(B5) 
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We illustrate the expansion of one of the above diagrams: 



^000+ ^.00+ ^000+ ^ 



o o o-|- 



+similar diagrams for G"' + higher order terms (B6) 

Equation for z~ can be obtained by interchanging + and — . In the above diagrams, < z"'"(k)x;+(k') >,< 
z~(k)z~(k') >, and < 2;^(k)z^(k') > are represented by double-dotted, dotted, and dotted arrow lines respectively. 
All diagrams except fourth and eighth ones vanish due to gaussian nature of z^"^ variables. In our calculations, we 
assume fourth and eighth diagram to vanish. For its evaluation, refer to Zhou et al. [202, 203]. As a consequence, 
the second term of is zero. Similar analysis shows that the third term also vanishes. 

The fourth term of /+ is diagramatically represented as 



where 



It 



= -(5S++(fc> -(5E+-(A;) (B7) 



= -(5S~+(A;>oooooooooo- (5I]--(A;) (B8) 



(d-l)(5S++ = ■,■ + ■■ + ■ B + ff-i (B9) 



(d-l)5S+- = ■■ + ■,■ + ¥1 + 11 (BIO) 







+ i ■ + 








»oo<» 


i 1 




. ^ 















(d-l)5E-+ = ■■ + BB + rTi + ffl (Bll) 



-{d-i)SE— = mM + mm + mM + WlM (B12) 



In Eqs. (B9-B12) we have omitted all the vanishing diagrams (similar to those appearing in Eq. [B6]). These terms 
contribute to Ss. 
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Tho algobraic expressions for the above diagrams are given in Section VII C. These expressions have Green's 
functions, correlation functions, and algebraic factors resulting from the contraction of tensors. The algebraic factors 
for —{d— 1)(5S++, denoted by S(^i_4){k,p,q}, are given below. 

Si{k,p, q) = Mbjm{k)Mmab{p)Pja{q) = kp{d -2 + z'^){z + xy) 
S2{k,p, q) = Majm{k)Mmabip)Pjb{q) = kp{-z + z^ + y'^z + xyz^) 
S3{k,p, q) = Mbjm{k)MjMPma{q) = kp{-z + z^ + x^z + xyz"^) 
S\{k,p, q) = Majm{k)Mjab{p)Pmb{q) = kp{-z + z^ + xy + x^z + y^x + xyz^) 
Here, x, y, z are direction cosines defined as 

p • q = —pqx; q • k = qky; p • k = pkz. (B13) 



2. Renormalization of Dissipative Parameters 

The Feynman diagrams for renormalization of i'±± , i'±zf. are identical to the given above except that in renormal- 
ization of dissipative parameters, > modes are averaged instead of < modes. 



3. Mode-to-Mode Energy Transfer in MHD Turbulence 



In Section 3, we studied the "mode-to-mode" energy transfer iS'^(k'|p|q) from z='=(p) to z='=(k') with the mediation 
of z^(q). The expression for this transfer is 



5±(k'|p|q) = -3([k' . zT(q)][z±(k') . z±(p)]) 



(B14) 



In perturbative calculation of S we assume the field variables to be quasi-gaussian. Hence, S vanish to zeroth 
order. To first order, is 



5+(k'|p|q) = 




+ 




+ 
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where the left vertex denotes ki, and the right vertex (square) represents —iMijm- The diagrams for can be 
obtained by interchanging + and — . Some of tiie diagrams may vanish depending on the form of correlation function. 

The corresponding expressions to each diagram would involve two correlation functions, one Green's function, and 
an algebraic factor. For isotropic flows, these factors, denoted by T(^i3-24){k,p,q), are given by 

7'i3,i5(fc,P,9) = kiMjab{k')Pja{p)Pib{q) = -kpyz{y + xz) 

TuMk,P,q) = hMjab{k')Pjb{p)P,a{q) = k:'{l-y''){d-2 + z'') 

Ti7^i9{k,p,q) = kiMjab{p)Pja{k)Pib{q) =kpxz{x + yz) 

Tis^2a{k,p,q) = -Ti4(fc,p, g) 

T2i,2d.{k,p,q) = hAUabiq)Pjaik)Pjb{p) = -kpxy{l- z^) 

722,24(fc,P,9) = -Ti3{k,p,q) 

Appendix C: PERTURBATIVE CALCULATION OF MHD EQUATIONS: u,b VARIABLES 

The MHD equations can be written as 

U,ik)\ ^ /G"«(fc) G"Hk)\(-^P+^{k)Jdp[u,{p)Ur^{k-p)-bj{p)brnCk-p)]\ 

bi{k)J [G'>-ik) G'\k)J[ -zPr:^{k)Jdp[uj{p)bm{k-p)] j ^ ^ 

where the Greens function G can be obtained from G~^(k) 

G-\k,.) = (C2) 

We solve the above equation perturbatively keeping the terms upto the flrst nonvanishing order. Feynmann diagrams 
representing various terms are 




(C3) 



aWO^ -vWOX^ +^QSiSi^^ 



+ ... (C4) 



Solid and dashed lines represent fields u and h respectively. Thick wiggly (photon) , thin wiggly, thick curly (gluon) , 
and thin curly hues denote G"", G"'', G'^^ , and G''" respectively. The filled circle denotes —{i/2)P^^^ vertex, while the 
empty circle denotes —iPijm vertex. These diagrams appear in renormahzation calculations as well as in energy flux 
calculations. 

1. Viscosity and Resistivity Renormalization 

The expansion of u, b in terms of Feynman diagrams are given below: 

= < - < + < + <^ (C5) 

+ C( + C( (C6) 

\ \ \ 

\ \ \ 
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Factor of 2 appears in /" because of <> symmetry in the corresponding term. To zcroth order, the terms with <> 
are zero because of quasi-gaussian nature of > modes. To the next order in perturbation, the third term of /" is 



o— 



{^.- 



+ 



- + 



- + 



0-+ \j>- 



+ 



+higer oder diagrams 



(C7) 



In the above diagrams soHd Hues denote < u{k)u{k') >, and the dashed-arrow Unes denote < M(k)6(k') >. The 
correlation function < u(k)u(k') > is denoted by dashed line. As mentioned earlier, the wiggly and curly lines denote 
various Green's functions. All the diagrams except 4,8,12, and 16th can be shown to be trivially zero using Eqs. (142 — 
148). We assume that 4,8,12, and 16th diagrams are also zero, as usually done in turbulence RG calculations 
[120, 193, 202, 203]. Hence, the term is zero. Following the similar procedure we can show that the 4th term of 
and the 2nd and 3rd terms of are zero to first order. Now we are left with >> terms (5th and 6th of /", and 4th 
term of /''), which are 



-5S«"(fc)- 



(5S"''(fc)- 



(C8) 



^3 



/ 



(5E''"(fc)- 



(C9) 
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where 



-(d-l)(5E"" = 



-(d-l)(5E«'' = - 



-(d-l)(5S''" = 



-(d-l)(5E'"' = 



o - O " o - 





+ 




+ ^ 6 - 



^ ? - 





(CIO) 



(Cll) 



(C12) 



(C13) 



In Eqs. (C10-C13) we have omitted all the vanishing diagrams (similar to those appearing in Eq. [C7]). These terms 
contribute to Ss. 

The algebraic expressions for the above diagrams are given in Section 7. For isotropic flows, the alge- 
braic factors Si{k,p,q) resulting from tensor contractions are given below. The factors for the diagrams are 
S, Sq, Se, S, S, S5, S, S5, Ss, Sin, S12, S7, Sh, S'g, 5*11, Sg in sequential order. 



S{k,p,q 
S5{k,p, 
Se{k,p, q 
S7{k,p,q 
Ss{k,p, q 
Sg{k,p,q 
Sio{k,p,q 
Sn{k,p,q 
Si2{k,p,q 



= K,mik)PLbiP)P,aiq) = kp {{d - 'S)z + 2z3 + {d - l)xy) 

= Pbrm{k)P-ab{p)PA<D = kp {{d - l)z + {d- 3)xy - 2y^z) 

= Pa,Jk)p-,Jp)PMq) = -S,{k,p,q) 

= P^]m(k)PLbiP)Pjaiq)P:bik) = S^{p,k,q) 

= P^^mik)P+,{p)Pmaiq)P^b{k) = -S,{p,k,q) 

= Prim{k)P-^,{p)PMPih{k) = kp{d - l){z + xy) 

= Pi]mik)P-ab{P)PA'l)Pia{k) = -S,{k,p,q) 

= Pr:^{k)Pr,{p)Pma{q)Pibik) = -Ssik,p,q) 

= P^im{k)PiabiP)Pmb{q)Pia{k) = S^{k,p,q) 



2. Mode-to-Mode Energy Transfer in MHD Turbulence 



In Section 3, we studied the "mode-to-mode" energy transfer S'^"^(k'|p|q) from mode p of field X to mode k' of 
field Y, with mode q acting as a mediator. The perturbative calculation of S involves many terms. However when 
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cross helicity is zero, then many of them vanish. and yield 



{S-^k'\p\q)) 




+ 




+ 




(C14) 





(C15) 



-(S'-ik'lplq)) = 




\ I 





(C16) 





(C17) 



In all the diagrams, the left vertex denotes fc^, while the filled circle and the empty circles of right vertex represent 
(— i/2)Pj^^ and —iP^m respectively. For isotropic nonhelical flows, the algebraic factors are given below. The factors 
for the diagrams are Ti, Ts, Tg, T2, Tg, Tio, Ta, T7, Tn, Ti, Ts, T12 in sequential order. 



Ti{k,p,q) 
Tz{k,p,q) 
Tf>{k,p,q) 
T7ik,p,q) 
n{k,P,q) 
Tn{k,p,q) 
T2n{k,p, q) 



k^P^ab{^)P]a{p)P^b{q) = kp {{d - 3)z + {d - 2)xy + 2z^ + 2xyz^ + x^z) 

k^Pjabik)P3a{p)P^b{q) = ^k^ {{d - 2)(1 - j/) + + Xyz) 

-hP|'ab{p)P3a{k)P^b{q) - -kp {{d - 3)z + {d - 2)xy + 2z^ + 2xyz^ + y^z) 
-k^PjabiP)PJaik)P^biq) = -kp ((2 - d)xy + (1 - d)z + y^z) 
-k^PLi'^)P3a{k)PJb{p) = -kq {xz - 2xy^ z - yz^) 
-^i-^o5(9)-Pja(fc)Pj6(p) = -kqz {x + yz) 
-T2n-\{k,p,q) for n = 1..6 



For hehcal flows, we get additional terms involving hehcities. We are skipping those terms due to lack of space. 
Following the similar procedure, we can obtain Feynman diagrams for mode-to-mode magnetic-helicity transfer, 
which is 



Ill 



{S""{k'\p\q)) = 





+ 




+ 




+ 





(C18) 



where empty, shaded, and filled triangles (vertices) represent Cijm, —^ijmkiki / and Cijmkiki/k^ respectively. The 
algebraic factors can be easily computed for these diagrams. 



Appendix D: DIGRESSION TO FLUID TURBULENCE 



Many of the MHD turbulence work have been motivated by theories of fluid turbulence. Therefore, we briefly sketch 
some of the main results are statistical theory of fluid turbulence. 

1. McComb and coworkers [120, 125, 201] have successfully applied self-consistent renormalization group theory to 
3D fluid turbulence. The RG procedure has been described in Section VII D 1. They showed that 



E{k) = KKoO?'''k-'''\ 

V{k = knk') = K][lny^k-^I^U*{k'), 



(Dl) 
(D2) 



is a consistent solution of renormalization group equation. Here, Kko is Kolmogorov's constant, 11 is the energy 
flux, and y*{k') is a universal function that is a constant (» 0.38) as k' 0. See Fig. 33 for an ihustration. 

Energy flux for 3D fluid turbulence can be computed using field-theoretic technique described in Section VIII A 1. 
This technique is same as Direct Interaction Approximation of Kraichnan. The computation yields Kolmogorov's 
constant K to be close to 1.58. 

The above analysis can be extended to 2D fluid turbulence. We flnd that Eqs. (Dl, D2) are the solution of RG 
equations, but u*{k') is negative as shown in Fig. 33. The function u* is not very well behaved as k' 0. Stifl, 
negative renormalized viscosity is consistent with negative eddy viscosity obtained using Test Field Model [86] 
and EDQNM calculations. We estimate ly* « —0.60 . The energy flux calculation yields w 6.3. 

Incompressible fluid turbulence is nonlocal in real space due to incompressibility condition. Field-theoretic 
calculation also reveals that mode-to-mode transfer S{k\p\q) is large when p <^ k, but small for k p q, 
hence Navier-Stokes equation is nonlocal in Fourier space too. However, in 3D shell-to-shell energy transfer rate 
is forward and most significant to the next-neighbouring shell. Hence, sliell-to-shell energy transfer rate is 
local even though the interactions appear to be nonlocal in both real and Fourier space. Refer to Zhou [199], 
Domaradzki and Rogallo [49], and Verma et al. [187]. 

In 2D fluid turbulence, energy transfer to the next neighbouring sheh is forward, but the transfer is backward 
for the more distant shells (see Fig. 34). The sum of all these transfers is negative energy flux, consistent with 
the inverse cascade result of Kraichnan [86]. For details refer to Verma et al. [187]. 
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Figure 33: Plot of vs. k' for 2D and 3D fluid turbulence. In 2D, v* is negative. 
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Figure 34: Plots of shell-to-shell energy transfer rates T^rn /n vs. n — m for 3D and 2D fluid turbulence. In 3D energy transfer 
is forward and local. In 2D energy transfer for energy transfer is forward for the nearest neighbours, but the is backward for 
fourth neighbour onward; these backward transfers are one of the major factors in the inverse cascade of energy. 



6. Kinetic helicity suppress the energy flux. Field-thcorctic calculation discussed in Section VIII A 3 yield 

n = x3/2n(0.53- 0.28r^), 
where tk = HK{k) / (kE(k)) (sec the entry of 11^^ in Table X). 

7. All the above conclusions are for large Reynolds number or — » limit. The behaviour of Navier-Stokes 
equation for viscosity z/ = (inviscid) is very different, and has been analyzed using absolute equilibrium theory 
(see Section JVC). It can be shown using this theory that under steady state, energy is equipartitioned among 
all the modes, resulting in C{k) = const [140]. Using this result we can compute mode-to-mode energy transfer 
rates (<S'""(fc|p|g')) to flrst order in perturbation theory (Eq. [197]), which yields 

,ouun.^ I f {Ti{k,p, q) + n{k,p, q) + Ts{k,p, q)) Const 

<^ (^W«))°^y uik)k^ + uip)p^ + u{q)q^ =° 

because Ti{k,p,q) + Ti^{k,p,q) +Tc){k,p,q) = 0. Hence, under steady-state, their is no energy transfer among 
Fourier modes in inviscid Navier-Stokes. In other words "principle of detailed balance" holds here. Note that the 
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above result holds for all space dimensions. Contrast this result with the turbulence situation when energy pref- 
erentially gets transferred from smaller wavenumber to larger wavenumber. This example contrasts equilibrium 
and nonequilibrium systems. 
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